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Abstract 

The binary numbering system is the most suitable for electronic computers, and the 

decimal numbering system is the most used in human life especially in commercial 

applications. But the binary system can not represent decimal fraction numbers 

accurately, so the IEEE 754-2008 standard defines the decimal floating numbers and 

decimal floating arithmetic operations. The decimal floating point division is one of 

these operations. 

This thesis presents new design and implementation for decimal floating point 

divider based on Accurate Quotient Approximation algorithm which can be 

considered as very high radix decimal divider. Accurate Quotient Approximations is 

an iterative division algorithm based on look-up table that gives an approximation to 

the reciprocal of the divisor. The algorithm iterates by using the reciprocal to find an 

approximated value for the quotient. Then the approximated quotient is multiplied by 

the divisor and the result is subtracted from the partial remainder to find the new 

partial remainder. At first iteration the partial remainder is the dividend. The divider 

iterates until the quotient reaches the desired accuracy. This divider can produce three 

digits per iteration. The operation of this divider is compliant to IEEE 754-2008 

standard. Also it supports the five rounding modes that are defined in the IEEE 754-

2008 standard, and another two famous rounding methods. This divider is extended to 

execute decimal floating point division operations. 

The functionality of the proposed decimal floating point divider is verified by 

around one million test cases that are designed to test decimal floating point units. 

Also the design is synthesized by using Synopsys design compiler tool working on 

65nm technology which shows that the critical path delay is 48.2 FO4 and area equals 

156842 NAND2 gate. 

The main goal of this thesis is to design and implement new decimal floating point 

divider functionally correct. The proposed DFP divider  can produce three quotient 

digits in each iteration, which can reduce the overall latency.  
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Chapter 1. Introduction  

The decimal number system is the most widely used system for human calculations. So 

that at the beginning of computer machines age all machines were based on decimal system.  

Mechanical computers mimicked human numeration systems for scientific and commercial 

calculations, and the most used system was decimal system. At the start of electronic 

computer industry many computers used decimal system in arithmetic operations such as 

ENIAC [1] and IBM 650 [2]. 

However the nature of memory units and flip-flops is binary and it is required four binary 

bits to represent each decimal digit which consumes more memory than binary system. 

Furthermore the binary system arithmetic units are simpler and faster than decimal system 

arithmetic units. Therefore Burks, Goldstine and von Neumann [3] discussed the superiority 

of binary system over decimal system. They announced that using binary system for 

addressing, data storage and arithmetic operations is more suitable for electronic computers 

due to the nature of these computers which have two statuses for the signal. Therefore the 

binary system dominates most of computers nowadays and there are few computers based on 

decimal system. 

The rest of this chapter is organized as follows: Section1.1 explains the increasing 

importance of decimal arithmetic. Section1.2 discusses the decimal floating point standard 

format with its arithmetic operations. And finally section 1.3 surveys the recently published 

hardware implementations for different decimal floating point operations. 

1.1 The Need for Decimal Floating Point Arithmetic 

Although binary based computers dominate the world, decimal computations can't be 

ignored. Decimal numeration system is essential for many applications [4]. Databases belong 

to 51 commercial and financial organizations were surveyed and investigated, these databases 

include many financial applications such as banking, billing, inventory control, financial 

analysis, taxes, and retail sales. There were more than 456,420 columns which contained 

numeric data and were investigated to extract statistic information. This survey reported that 

55% were decimal, and that further 43.7% were integer types which could have been stored 

as decimal numbers [4]. The results of these applications are required to be accurate and 

rounded correctly to be committed by human manual calculations and law.  

For binary based computers, decimal numbers will be converted to/from binary numbers. 

Decimal numbers may not be converted exactly, due to the lack of binary system accuracy 

and finite precision hardware. Most of fraction numbers are not converted to binary numbers 

properly [5], let the decimal number X       , to convert this decimal number to binary 

number it will be X                               that requires infinite number 

of bits to be represented exactly in binary which is not available so this number will be 

approximated, the stored value will be X   
                                 , so any 

operation using this number will produce inaccurate results although the arithmetic operation 

is correct. The decimal to/from binary conversion is implemented using software programs 

with high delays. 

In addition to the accuracy problem there is another problem caused by binary arithmetic is 

the removal of trailing fraction zeroes. For example, binary system can't distinguish between 
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    and      because of the normalization nature of binary system. The trailing fraction zeros 

are essential in the calculation, they are very important for physics measurement for example 

if it is reported that, the mass of a body is         versus           the two measures are not 

the same as the first one is accurate for        but the second one is accurate for         . 

Hence binary arithmetic units can't be used directly for financial application and decimal 

arithmetic operations as they produce results not compatible with law and human 

requirements [5]. 

To avoid the drawbacks of using binary arithmetic units for decimal calculations, 

researchers and companies made a lot of efforts to overcome these drawbacks. Finally we can 

find two methods to deal with decimal calculations the first, is to keep decimal numbers 

without conversion and software libraries will execute the decimal calculations using binary 

floating point (BFP) arithmetic units. The most widely used libraries are Sun’s BigDecimal 

for Java [6], IBM’s decNumber library [7], and Intel’s Decimal Floating-Point Math library 

[8].  But the performance of software libraries is very bad, as the performance can reach 1000 

time slower than implementing dedicated hardware [9].   

The other method is to implement pure hardware for decimal operations to overcome the 

software bad performance, IBM presented Z900 as one of the first microprocessor that 

contains decimal integer arithmetic unit [10], although this unit is limited on decimal 

integers, decimal fixed point operations can be executed by scaling the operand using 

software libraries. 

Fixed point and integer arithmetic units can generate accurate results, but the scaling of 

floating-point numbers, and rounding of the final result limit their usage. The width of these 

units is limited by the format precision, so when using fixed point and integer arithmetic units 

for floating point operations the input operands will be scaled to convert them to integer 

numbers this scaling operation is implemented using software programs, this process is 

difficult to be executed and can result in errors specially when using very large values and 

very small values for the same operation [4].  

Although rounding is very important for financial and commercial applications, fixed point 

and integer arithmetic units don't implement round process in hardware but it is required to 

use software to do that. Using software for scaling and rounding processes impose high delay 

on the operation, also consumes more power than using dedicated hardware for all operation 

[4]. 

Therefore it is required to implement pure hard ware for decimal floating point arithmetic 

to avoid drawbacks of binary floating point arithmetic units and to save time and power of 

software used to adjust the operation of fixed point and integer arithmetic units. 

1.2 IEEE 754-2008 Standard 

IEEE 754-1985 is the most widely used standard for binary floating point arithmetic, and is 

implemented for many microprocessor designs and software libraries [11]. But this is a 

binary floating-point standard so it cannot be used for decimal arithmetic. Then IEEE 

published floating point standard IEEE 854-1987 [12], which was radix independent, and this 

standard was designed mainly for scientific and engineering applications, so this standard 

didn't find a way for commercial needs. Due to booming of decimal floating point arithmetic 
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and there was not any standard to identify decimal floating point (DFP) arithmetic, IEEE 

published the IEEE 754-2008 in August 2008 [13]. 

IEEE 754-2008 standard defines decimal floating-point data formats and operations as 

follow, 

1.2.1 DFP Formats and Encoding 

The standard specifies three formats for floating point decimal numbers, two are basic 

formats (decimal64 and decimal128) and one is storage format (decimal32), as shown in 

Table 1.1.  The basic formats are used for DFP arithmetic operations, and the storage format 

is not used by DFP arithmetic operations. These formats can represent positive and negative 

values within the range of the used precision format,        and      (Not a Number). 

Decimal format Decimal 32 Decimal 64 Decimal 128 

Total storage width 32 64 128 

Combinational field 11 13 17 

Trailing significand field 20 50 110 

Total significand digits 7 16 34 

Maximum Exponent 96 384 6144 

Minimum Exponent -95 -383 -6143 

Exponent Bias 101 398 6176 

Exponent width 8 10 14 
Table ‎1.1: Decimal formats defined in IEEE 754-2008 

The representation of decimal floating-point number is: 

              (‎1.1) 

Where   is the sign, q is the exponent,                      is the significand, or 

coefficient, where                            and   is the precision. There are two restrictions 

on         [13]: 

 C must be an unsigned integer between              –    . Notice that in the 

standard, C is not required to be normalized. So we can find different representation 

for the same number, let          and       have same value, and both belong 

to the same cohort.  

   must be an integer satisfying equation,  –                 . 

Figure 1.1 shows the decimal interchange floating-point format adopted in the IEEE 754-

2008 standard which includes, 

S 

Sign Field 

G 

Combination Field 

T 

Trailing Significand Field 

Figure ‎1.1: Decimal interchange floating-point format 



  

4 

 

Sign bit S represents the sign of the decimal number, it has two statuses one or zero then 

the decimal number will be negative or positive respectively.  

The second part is the combination field G; it can be divided into two subfields. The first 

subfield consists of the most significant five bits of G, is used to encode the MSD of the 

significand, the most significant two bits of the exponent, and is used to indicate NaN and 

infinity cases as shown in table 1.2. The second subfield consists of the remaining bits of the 

biased exponent, as the exponent is encoded in binary excess-code and the bias value differs 

according to the precision format as shown in table 1.1. 

The remaining part is the trailing significand field T this field consists of the remaining 

fifteen digits of the significand. For trailing significand field value there are two types of 

encoding formats defined in the standard. Densely Packed Decimal "DPD" is introduced by 

IBM. DPD format encodes every three decimal digits using 10 bits [14]. DPD format is 

efficient in memory storage and data buses usage than Binary Coded Decimal "BCD" which 

uses 4 bits for each single digit. But it is not easy to use DPD directly for arithmetic 

operations, so there are need to convert from DPD format to/from BCD format [5]. 

Conversion process can be implemented using dedicated circuits which can cost low delay.  

Intel presented Binary Integer Decimal "BID"; here the entire trailing significand field value 

is converted from decimal form to binary form to be stored [15]. The BID encoding format is 

suitable for software implementation, to use the binary integer arithmetic logic unit in the 

current microprocessors [5]. 

Special values are encoded as follow: 

 If the most significant five bits of the combination filed are      , then we 

have   , according to the sign bit. 

 If the most significant five bits of the combination filed are      , then we have 

    case, and if the most significant sixth bit is   hence we have      otherwise 

we have       and all the other bits are ignored.      represents values for 

uninitialized variables or missing data samples.      results from any invalid 

operations or operations that involve      as operand. 

 Overflow occurs when the absolute value of the result is greater than the maximum 

available value       –                .  

 Underflow occurs when the result absolute value is smaller than              and 

not equals the zero.  

 Subnormal number has a value between         and            . Subnormals fill 

the underflow gap around zero in DFP arithmetic. 

G's MSD(5-bits) type Exponent's MSB (2-bits) Significand's 

MSD 

                                             

                                     

      
 
 

 
    
    

 
- - 

               - - 

Table ‎1.2: Decoding combination field 
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1.2.2 DFP Operation 

To implement DFP hardware compliant with IEEE 754-2008 standard, this hardware must 

support at least one of the standard basic formats (decimal64 or decimal128). The operands 

of DFP operations arrive with a compact format (DPD or BID), then the significand, biased 

exponent, sign, and the flags for each operand are extracted. All operations are executed to 

generate intermediate results as if having an infinite precision. Then this intermediate result is 

rounded according to the desired round mode and the precision of the destination significand, 

and then all final result components (significand, biased exponent, sign, and flags) are 

combined back to the desired DFP format. 

The IEEE 754-2008 standard DFP operations are classified mainly as follow: 

 Basic operations, which are addition, subtraction, multiplication, division, square-

root, and fused multiply addition. This includes correct rounding after each operation 

for inexact results according to standard rounding recommendations. 

  Two new DFP arithmetic operations, which are             and         . As 

                 operation is used to compare the exponent of   and  , the 

output is true if both are the same or false otherwise. And               operation 

produces a DFP number with the significand of operand   and the exponent of 

operand  . 

 DFP comparison operations, here the numerical value of two DFP numbers are 

compared in-respect the cohort of these numbers. 

 Conversion of DFP numbers, this function can convert among DFP, BFP and integer 

formats. Conversion between DFP and BFP must be rounded correctly. 

   DFP elementary operations, the standard defines recommendations to provide exact 

rounding for the results of elementary operations, such as logarithms, and 

exponentials. 

The DFP numbers are non-normalized, so one DFP number can have multiple 

representations; all these representations are called DFP number’s cohort. The standard 

defines the term preferred exponent which is the suitable exponent for the result. If the result 

is inexact the preferred exponent will be the smallest available exponent to keep the 

maximum number of significand digits. But if the result is exact the preferred exponent will 

differs according to the type of the arithmetic operation. For example the preferred exponent 

for the division operation is the result of subtracting the divisor’s exponent is from the 

dividend’s exponent. 

1.2.3 DFP Rounding Modes 

Rounding process is very important after every DFP operation, as all operations produce 

an intermediate result with infinite precision, so it is required to round this result to finite 

precision to be suitable for the destination precision format. IEEE 754-2008 standard defines 

five rounding modes for DFP arithmetic operations as follow, 

 roundTiesToEven: the absolute result is rounded to nearest number. If tie case 

occurs the absolute result is rounded to nearest even value. 
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  roundTiesToAway: the absolute result is rounded to nearest number. If tie case 

occurs the absolute result is rounded to the larger number. 

 roundTiesToPositive: the result is rounded towards positive infinity (if the final 

result sign is positive then the result is rounded up, else the extra digits are truncated). 

 roundTiesToNegative: the result is rounded towards negative infinity (if the final 

result sign is negative then the absolute result is rounded away from zero, else the 

extra digits are truncated). 

 roundTowardZero: the absolute result is rounded towards zero, (all extra digits are 

truncated). 

1.2.4 Exception Handling 

Exception arises when the result of the DFP operation is not an expected DFP number, so 

the corresponding exception flag is signaled and the default exception format is delivered. 

The IEEE 754-2008 standard defines five exceptions as follows, 

 Invalid operation: is signaled when there is invalid arithmetic operation such as, 

    multiplication, 
 

 
 division operation, and square-root of negative operands or 

there are NAN operands. The default result is     . 

 Division by zero: when the dividend of a DFP division operation is a finite non-zero 

number and the divisor is zero, the Division by zero exception is signaled. This 

operation is a valid operation and the default result is    according to the result sign.  

 Overflow: when the result value is greater than the maximum available value for the 

operation format, hence the overflow and inexact exceptions are signaled. There are 

two default results according to the round mode and the sign of the result. If the 

absolute result is rounded up the default result will be signed infinity, else the default 

result will be the maximum available number for destination format        –     
           .   

 Underflow:  when the result value is smaller than             and not equals the zero, 

the underflow exception is signaled. The default result may be signed zero, a 

subnormal number with an absolute value lower than            , or minimum 

representable number               according to the round mode. The inexact 

exception is signaled if the result is not exact. 

 Inexact: the inexact exception is signaled, when the rounded result is not the same like 

the infinite precision result. The default result is the rounded result. 

1.3 Standard Compliant Hardware Implementations 

There are many hardware designs have been introduced in the last decade to implement the 

DFP different operations that specified in the IEEE 754-2008 standard, such as 

addition/subtractaction, multiplication, division, and some elementary operations.  

In the last few years many DFP adders compliant with the standard were produced. 

Thompson et al. [16] introduced the first DFP adder compliant with the standard, the 

operation of this adder is enhanced and extended in [17, 18]. Vazquez and Antelo introduced 

further improvements in [19]. Two different designs, one for high speed and the other for low 

area, have been introduced in [20]. 
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Multiplication operation is one of the most frequently used operations in DFP arithmetic, 

so many designs have been proposed.  The first standard compliant multipliers can be found 

in [21, 22]. In [23] Vazquez proposed two DFP multipliers, one is to decrease the area and 

the other is to enhance the delay. 

The division operation didn’t have the same attention paid for addition and multiplication 

processes. However, IBM introduced the first compliant with standard divider in POWER6 

[24]. Also Vazquez introduced another divider compliant with the standard in [25]. 

IBM produced POWER6 microprocessor [26, 27], which is the first micro-processor that 

implements DFP arithmetic operations compliant with the standard in hardware. It supports 

both the decimal64 and the decimal128 formats. 

1.4 Organization of The thesis 

The remaining of this thesis is organized as follows. Chapter 2 provides a detailed survey 

of the previous studies, Chapter 3 presents the main decimal units that are used to implement 

the divider. The proposed division algorithm and the detailed design of the proposed divider 

are provided in Chapter 4. Design verification, implementation, and comparison with others 

can be found in Chapter 5. Chapter 6 presents the conclusion and suggestions for the future 

work. 
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Chapter 2. Previous Work 

In order to achieve high performance in executing decimal floating operations, most of 

researchers tend to perform the four basic decimal operations which are addition, subtraction, 

multiplication, and division in hardware. Division operation is not as fast as the other three 

basic operations; the reason is due to the nature of division operation. Since the division is an 

iterative algorithm, and requires complex algorithm to be performed, so division operation 

has large latency with respect to the other three basic arithmetic operations. 

Division is a very important operation for many applications, such as graphics, digital 

signal processing, and scientific operations. But researchers have not paid adequate attention 

to design division units, because division operation is rated as infrequent operation. However 

inefficient implementation of divider units will degrade the performance of many 

applications. Simulations have been carried out to show the effect of division and square-root 

operations on the performance of superscalar processors [28]. This study found that, changes 

in the density of the division and square root operations below 1% lead to changes in the 

processor performance round 20%.  

Oberman also studies the effect of FP division on overall system performance [29], he 

found that, when the floating point division operation represents 3% of all floating point 

operations, this can degrade the system performance up to 40%. Oberman reported that FP 

adders and FP multipliers consume around 27% and around 18% of the FP dividers result. 

This shows that inefficient implementation of FP dividers will affect the consumers of the 

divider results; hence any enhancement to adders and multipliers will be meaningless without 

high performance dividers. 

Incorrect implementation of divider unit can lead to massive financial losses, in 1994 Intel 

lost US$475 million, due to an error in the division part of the Pentium microprocessor’s 

floating-point unit [30, 31]. 

The following section presents three types of binary division algorithms. Section 2 

introduces two types of decimal division. 

 

2.1 Binary Division Algorithms 

Despite the radix difference between decimal system and the binary system, all the decimal 

division algorithms are derived from binary division algorithms. So in the following we will 

introduce the main ideas of binary division method.  

Division is an iterative algorithm, defined by, 

X    Y    (‎2.1) 

Where X is the dividend, Y is the divisor,   is the quotient, and   is the final remainder. 

When maximum relative error of the quotient is 1ulp (unit at last position), which define 

the accuracy of the divider, 



  

9 

 

| |   |Y|      (‎2.2) 

Division algorithms can be divided into five classes according to [32], which are “digit 

recurrence, functional iteration, very high radix, lookup table, and variable latency”.  

Here we will introduce brief description for digit recurrence, functional iteration, and very 

high radix binary division algorithms. 

2.1.1 Digit Recurrence Algorithm 

Digit Recurrence algorithms are similar to traditional paper-pencil division method. It is an 

iterative algorithm that retires a radix-r quotient digit    every iteration, and the most 

significant digit is retired first [33]. The fundamental equation of digit recurrence algorithms 

is defined as, 

               Y (‎2.3) 

The process of selection quotient digits     is called Quotient Digit Selection, 

             Y  (‎2.4) 

Quotient digits are selected such that, 

   Y                Y (‎2.5) 

 

And the convergence condition is, 

 Y        Y                    X (‎2.6) 

After n iterations, when division finishes, the final n-digit quotient is: 

   ∑       

     

   

 
(‎2.7) 

And the final remainder is calculated as follow, 

            {
                                      
    Y                        

 
(‎2.8) 

As shown in the previous equation if    is negative a correction step is required by adding 

the divisor to the negative remainder, and one     will be subtracted from the quotient to 

correct it. 

There are many methods to perform digit recurrence division algorithm as follow. 
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2.1.1.1 Restoring Division 

The name “Restoring” comes up because the partial remainder, after each iteration must be 

kept non negative so that a restore step to the previous values for the partial remainder and 

the quotient digit    is required at the end of the iteration [33]. Here the quotient digits are 

chosen from                     which is a nonnegative digit set, hence the 

convergence condition will be, 

       Y (‎2.9) 

And the quotient digit is selected as follow, 

                         Y               Y (‎2.10) 

For binary-radix r = 2 the QDS is defined as, 

     {
                                    Y            
                                      Y

 
(‎2.11) 

2.1.1.2 Non-Restoring Division 

For non-restoring division algorithm it is allowed that the remainder to be negative value 

and the determined quotient digits may be incorrect. The incorrect quotient digit will be 

corrected by the determined quotient digit in the next iterations [33]. Quotient digits are 

selected as follow, 

   {
 ̅                                              
                                              

 
(‎2.12) 

Non-restoring division algorithm is faster than restoring division algorithm because the 

partial remainder is compared with zero instead of the divisor; hence the convergence will be, 

      (‎2.13) 

2.1.1.3 Binary SRT Method 

SRT [33] is an advanced way of recurrence binary division as the quotient digit is selected 

from a redundant digit set, 

   {
 ̅                                                    Y
                                     Y       Y
                                                        Y

 (‎2.14) 

Which speed up the division process, as in the non-restoring division algorithm it is 

required to perform addition or subtraction, but is SRT this can be avoided in many iterations 

due to the quotient digit set includes the zero. 



  

11 

 

The calculation of remainder still follows equation (2.7). 

To avoid comparison of the partial remainder with the divisor, the divisor is normalized to 

be 
 

 
  |Y|     and the partial remainder will be compared with 

 

 
 and  

 

 
 and, the selection 

of    will be, 

   {
 ̅                                                          
                                                 
                                                             

 (‎2.15) 

2.1.1.4 High Radix SRT Algorithm 

As shown in the previously introduced digit recurrence algorithms there is only one bit of 

the quotient is retired every iteration which leads to increase number of iteration of the 

division operation, so by changing the radix of the SRT division algorithm to be      

instead of     the number of iterations will be decreased to be ⌈
 

 
⌉ where n is the precision 

of the desired final quotient [34]. 

Robertson introduced the first high radix SRT division [35]. In this algorithm, the quotient 

digits are selected from redundant signed digit set as           , where, 

⌈
 

 
⌉        (‎2.16) 

So that convergence equation that applied for high-radix SRT division is rewritten as 

  Y      Y (‎2.17) 

Where   is the redundancy factor, and       
 

   
   

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

Figure ‎2.1: Redundant numbering system effect on quotient digit selection 
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Due to using redundant numbering system, there will be overlap regions, which means 

more than one quotient digit may be selected. Larger   leads to increase the restricted range 

of the partial remainder as shown in figure 2.1.  But larger   will lead to complex QDS 

function as quotient digits candidates number is increased. So it is not easy to determine the 

best redundancy level to be selected as it depends on the algorithms used for QDS function. 

2.1.2 Functional Division Algorithms 

Functional iteration division algorithms based on functional solution methods to find the 

quotient, there are two main techniques used, which are Newton-Raphson [32, 36] and series 

expansion [37, 38]. The following two subsections introduce brief description for both 

techniques. 

2.1.2.1 Newton-Raphson 

Instead of determining the quotient directly, Newton-Raphson algorithm calculates an 

approximation to the reciprocal of the divisor, and then the resulted reciprocal is multiplied 

by the dividend to produce an approximation of the quotient. The division equation is defined 

as follow, 

   
X

Y
 (‎2.18) 

Then equation (2.17) can be written as, 

   
 

Y
  X (‎2.19) 

To find the reciprocal using Newton-Raphson algorithm, the following function is defined, 

      
 

 
  Y (‎2.20) 

First order Newton-Raphson equation is defined as, 

            
     

     ́
 (‎2.21) 

Newton-Raphson equation (2.21) is applied on equation (2.20), in an iterative manner to 

calculate an approximation of the reciprocal as follow, 

            
     

     ́
      

 
  

  Y

 
 
  

 

        Y      (‎2.22) 

Where,                   

Here the approximated reciprocal is refined quadratically, because the error is decreased 

with the same rate, 

          
  (‎2.23) 

 

After n iterations the reciprocal     reaches to the desired precision, then the determined 

reciprocal is multiplied by the dividend to obtain an approximation for the quotient. 

 

 



  

13 

 

2.1.2.2 Series Expansion 

Series expansion is a functional iterative division algorithm, which tries to find the 

quotient directly using Maclaurin series such that, 

   
X

Y
   X       (‎2.24) 

Where the reciprocal of the divisor is defined as, 

     
 

Y
  

 

    
 (‎2.25) 

The function      
 

    
 is expanded using Maclaurin series to be, 

     
 

    
                (‎2.26) 

The divisor is normalized such that     Y   , hence | |     , so above equation can 

be written as, 

                                            (‎2.27) 

Hence the quotient equation will be written as, 

  X                                           (‎2.28) 

The above equation requires infinity number of factors to produce the exact quotient which can't be 

achieved, so an approximated version of the quotient is calculated in an iterative manner to certain 

accuracy as follow, 

Let the approximated quotient at iteration i is, 

   
X 

Y 
 (‎2.29) 

Where X  and Y  are scaled value of the dividend and the divisor at iteration i respectively, 

such that 
 

  
 tends to value 1, hence X  will move towards the quotient. Let X  X and Y  

Y. X  and Y  are calculated as follow, 

X       X               Y        Y    (‎2.30) 

Where      Y  , is the scaling factor and equals the two's complement of the 
scaled divisor at iteration i. 

This algorithm convergence quadratically, hence after n iterations the error will be, 

        X       (‎2.31) 

2.1.3 Very High Radix Division Algorithm 

Very High radix division algorithm is an algorithm where large numbers of bits are retired 

per iteration. Wong and Flynn [39], and Matula [40] independently proposed the very high 
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radix division algorithm. Both algorithms are identical. Initially an approximated value for 

the quotient is determined then this approximated value is refined in an iterative manner, in 

each iteration the partial remainder is calculated exactly. 

2.1.3.1 Accurate Quotient Approximation 

Accurate Quotient Approximations is an iterative division algorithm based on lookup table 

that gives an approximation to the reciprocal of the divisor [39]. The algorithm iterates by 

using the reciprocal to find an approximated value for the quotient, then the resulted quotient 

is multiplied by the divisor, and finally the multiplication result is subtracted from the partial 

remainder to find the new partial remainder as follow, 

             
  

 

Y 
     (‎2.32) 

             
  

 

Y 
 Y (‎2.33) 

Where X  is defined as the most significant     bits of the normalized dividend 

X         and is extended by zeroes to form         number, and  Y  is defined as the 

most significant   bits of normalized Y        and is extended by ones to form         
number. Hence, X  is always smaller than or equal to X, and Y  is always larger than or 

equals to Y. Therefore the reciprocal approximation  
 

  
 is always smaller than or equal  

 

 
 , 

then  
  

  
 is always smaller than or equal to 

 

 
. 

The new quotient in each iteration is the result of adding the old quotient of the previous 

iteration and the approximated quotient in the current iteration; so the quotient is not 

guaranteed until the last iteration as it can be changed during the operation due to there is 

carry propagates through the quotient every iteration because of addition operation. For 

example let the intermediate result be                 , this value can be changed in the 

next iteration because the approximated quotient will be added to it.  

The algorithm is as follows, 

1. Initially set          X , and let variable j    which represents number of bits 

retired every iteration. 

2. Obtain an approximation of 
 

  
 from a look-up table using the most significant m-bit 

of  Y.  The width of the obtained approximation is m-bit and the approximation of  
 

  
 

is normalized hence, the most significant bit is always one so m-1 bits will be stored 

and the most significant one will be concatenated. 

3. The product Y  
 

  
 Y is invariant across all iterations, therefore, it needs to be 

performed once and all iterations will perform the multiplication     
  Y  instead 

two successive multiplications    Y then multiply the result by 
 

  
. 

4. The product     
  

 

  
 represents the new quotient digits. 

5. Perform the product     
  Y . 

6. the next partial remainder is obtained as follow, 
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  Y  (‎2.34) 

7. The new quotient is then developed as follow, 

             
  

 

Y 
     (‎2.35) 

8. Normalize the     by shit it to left in order to remove any leading zeros. The analysis 

of the algorithm will prove later that the algorithm guarantees removing       

leading zeros every iteration. 

9. The variable j is adjusted such that  j  j     . 

10. Steps from 4 to 9 are repeated until j    , where n represents the quotient desired 

precision. 

After the completion of all iterations, the top n bits of    represent an approximation of the 

quotient accurate up to n bits. And the final remainder is determined by shifting     to the 

right by a value equal to j bits. In case of the most significant k bits of the quotient are used 

only the final remainder will be the result of adding               Y to       . 

2.1.3.2 Analysis of AQA 

To determine how many bits are retired per iteration, it is required to determine the 

maximum value of new partial remainder    at iteration i; hence the number of leading zeroes 

will represent the number of bits retired in each iteration. All analysis will be done for 

general radix r then a substitution with binary radix. 

By examining equation (2.31) which is used to calculate the new partial remainder there 

are two sources of error due to using the approximation 
 

  
. Let 

 

  
 be defined as, 

 

Y 
 

 

Y
         (‎2.36) 

Where     is an error due to using 
 

  
 instead of using 

 

 
 so this error is always non-negative 

as 
 

  
  

 

 
 , and    represents the error of storing 

 

  
 in finite number of bits, hence this error 

also is non-negative as 
 

  
 is truncated to be stored. 

By substituting for 
 

  
 in equation (2.31), 

             
  (

 

Y
       )  Y  

        
       

        
  (

 

Y
       )  Y 

 

         
       

           Y (‎2.37) 
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Where      
  represents the difference between    and     

 , hence its value is always, 

       
  (           ) (‎2.38) 

, hence the maximum value will be 

     
 |

   
 (           ) (‎2.39) 

The value of     
  is         

  (           ), so the maximum value of     
  is, 

    
 |

   
 (           )    (‎2.40) 

As mentioned earlier    represents the error due to using 
 

  
 instead of using 

 

 
 , hence 

   can be defined as, 

   
 

Y
 

 

Y 
 

Y  Y

Y  Y 
 (‎2.41) 

The normalized Y value is, 

    Y          (‎2.42) 

And the value of  Y  is, 

              Y          (‎2.43) 

Hence, 

Y        (‎2.44) 

Y |                  (‎2.45) 

 Y  Y                                        (‎2.46) 

By substituting for  Y     Y   in equation (2.41), 

    
         

                 
 

 

          (‎2.47) 

As mentioned earlier    represents the truncation error of 
 

  
 so, 

    
 

Y 
|
    

 
 

Y 
|
      

 (‎2.48) 
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Let 
 

  
 is stored in a table look-up with entry width        , and the stored digits 

are                            , hence the least significant digit stored will be of 

weight      , 

          (‎2.49) 

By substituting for     
           Y in equation (2.36),    will be, 

        
       

     Y      
     Y  

                                  

                    (‎2.50) 

For     

                                

          (‎2.51) 

Hence          are guaranteed every iteration. 

The previous analysis assumes that all operations are performed for full precision 

operands; however, if we consider that the operations used to calculate    are all of finite 

width then there may be other errors. For example if the multiplication of 
 

  
 Y to produce 

Y  is rounded or truncated, then the multiplication     
  Y  is also rounded or truncated, 

then the subtraction           
  Y  is again rounded or truncated. Then there will be a 

different total error depending on the locations of the rounding and the effect of this 

accumulation. 

2.1.3.3 Short Reciprocal 

Matula [40] presented the short reciprocal algorithm to achieve very high radix divider, 

short reciprocal algorithm is similar to AQA division algorithm to obtain a radix     divider, 

instead of using different type multipliers, Matula used a single multiplier with length 

      and there is an additional adder-port that can perform a fused multiply/add 

operation. Therefore it can be used as a       multiplier.  

The algorithm is performed as follow, 

1. A low precision approximation for the reciprocal 
 

  
 is obtained from a lookup table, 

and then this seed is refined using two Newton-Raphson iterations which add more 

latency. The short reciprocal value used is slightly larger than the actual value of the 

reciprocal to insure that the quotient digit values are always equal to or greater by one 

unit in the last place than the exact values of the quotient digits. Hence any error will 

be equal to or greater than the unit in the last place of the quotient digit. This error can 

be eliminated by the succeeding quotient digit. 
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2. The algorithm uses equations (2.32) and (2.33) to obtain the new approximated 

quotient and the corresponding partial remainder. In contrast to AQA algorithm the 

multiplication     
  

 

  
 is performed every iteration. The most significant 17 bits of 

the multiplication result represent the new quotient digit, so this value is truncated, 

and then this digit is shifted appropriately and accumulated to generate partial 

quotient and finally a full precision quotient. The multiplication     
  

 

  
 is reused in 

equation (2.33) as it is multiplied by the divisor Y, and then the result is subtracted 

from the partial remainder      to produce new partial remainder    which is shifted 

to left to eliminate the leading zeroes where the count of these zeroes represents the 

radix of the division algorithm. The remainder may be negative if quotient digit is 

greater than the actual quotient digit. 

3. If the final partial remainder is negative, the accumulated quotient is decremented by 

one unit in the last place, and the appropriately shifted divisor is added to the final 

partial remainder. 

This scheme guarantees that 17 bits of quotient are retired in every iteration. 

2.2 Decimal Division Algorithms 

In the literature there are two main techniques followed to design decimal dividers, which 

are digit recurrence division technique and function iteration division technique. This section 

explains in brief the two dividers, the first one is based on SRT algorithm and the other is 

based on Newton-Raphson algorithm. 

2.2.1 SRT-Based Decimal Divider 

Tomas Lang and Alberto Nannarelli [41] presented a SRT decimal divider, where the 

iterative equation for division is derived from equation (2.3) as follow, 

                Y (‎2.52) 

To simplify the quotient digit selection function and generation of divisor multiples the 

authors split the quotient digit into two parts             as shown in the following equation, 

                   (‎2.53) 

Where                and                  , hence    ranges from          with a 

redundancy factor   
 

 
. 

By substituting     in equation (2.50) by equation (2.51), we will have, 

                    Y      Y  V       Y (‎2.54) 

For quotient digit selection function,     is obtained by comparison of the truncated partial 

remainder with a truncated multiple of   Y, then V  is computed as follow, 
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V                  Y (‎2.55) 

A truncated value of V  is compared with multiples of the divisor to obtain     , then the 

new quotient digit is obtained according to equation (2.51) and the new partial remainder is 

calculated according to equation (2.52). 

To avoid the generation of divisor multiples for every operation, the interval of the divisor 

is partitioned into sub-intervals [Y , Y   ) where Y    Y   Y  , for sub-range  , and each 

sub-range contains             constants that are used to be compared with the truncated 

partial remainder and truncated value of V  respectively. So that either the quotient digit     

or     equals   or j  respectively according to the following equations, 

              
̂           (‎2.56) 

    j  V   ̂      j     (‎2.57) 

2.2.2 Newton-Raphson Based Divider 

Liang-Kai Wang, and Micheal Schulte (2004) [42], presented a new decimal division 

algorithm based on functional iteration method. The division algorithm is based on the 

calculation of the reciprocal of the divisor using the Newton–Raphson method, followed by a 

final multiplication by the dividend to obtain the quotient. 

Here the dividend and the divisor are normalized operands such that,        X  
               Y       and X  Y, so the quotient result will be          . 

To determine the initial approximation of the divisor reciprocal, the divisor is divided into 

two parts Y    Y  Y  Y   Y    Y    Y    Y    Y     Y   . Then the function 

     
 

 
   is expanded around point   Y            using Taylor series expansion as 

follow, 

                         

 
 

Y
 

 

Y          
 

Y  (Y          )

 Y            
  

 
 

Y
 

 

 Y            
 (Y  Y      ) (‎2.58) 

Let, 

   
 

 Y            
             Y  Y  Y       

Then the most significant 2k digits of    are obtained from a look-up table using the Y  as 

the address of the lookup table, and Y  is calculated directly and then the most significant 2k 
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digits are kept. Then the multiplication        Y  is performed and the most significant 

2k-1 digits of the result are kept and the other digits are truncated. All these truncations will 

lead to introduce errors in which can be found in the following equation, 

                  
   (‎2.59) 

After that, the initial approximation of the reciprocal    is refined by performing m 

Newton-Raphson iterations as follow, 

           Y      (‎2.60) 

  

Which leads to enhance the approximated reciprocal error value after m iterations to be, 

 |   
|         (‎2.61) 

Then an approximation for the quotient    is obtained from multiplying the dividend X by 

the approximated reciprocal  , then a truncated version    (most significant 2n-1 digits) of 

   is multiplied by the divisor Y , then the result of this multiplication is compared with the 

dividend X to obtain the sign of the remainder and to round the final quotient correctly. 

2.3 Conclusion 

This chapter presents different division algorithms that are used for binary division and 

how the researchers modified some of these algorithms such as digit recurrence and Newton-

Raphson division algorithms to use them for decimal division.  

The Radix-10 digit recurrence division algorithms are considered as digit by digit division 

algorithms as one quotient digit is retired every iteration. So for the quotient that required 

high precision it will take number of iterations equal to this precision. Also if it is required to 

increase the number of digits that retired every iteration the quotient digit selection function 

will be very complex. On the other hand, the convergence rate toward the quotient of decimal 

division that based on functional algorithms is quadratic. The main operations of functional 

algorithms are two sequential multiplications. The functional algorithms do not calculate the 

quotient directly, but refine an approximation of the reciprocal to the desired accuracy, and 

then a final decimal multiplication is required to produce the quotient. 

The accurate quotient approximation can be considered as moderate algorithm between the 

digit recurrence algorithm and the functional algorithm. As large number of quotient digits 

are retired per iteration with simple operation. In the following chapters we are going to 

modify the accurate quotient approximation binary division algorithm to be used for decimal 

division. The details of implementing each block are given and a comparison between the 

synthesis results of the proposed divider with previous implemented dividers. 
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Chapter 3. Decimal Arithmetic Units 

This chapter presents Binary Coded Decimal formats and some basic modules which are 

used in our proposed divider. The decimal coded formats will be          and      
   . Also it presents three modules, which are Carry Extractor, BCD Adder, and Radix-10 

Multiplier. These modules have been implemented in many previous designs [5] [9] [16-25]. 

Here we present specific ways to perform these three modules to enhance the performance of 

the divider. 

3.1 BCD Formats 

Equation 3.1 gives a formula for an integer decimal number D that consists of m-BCD 

digits and each digit         , where i is a non-negative integer number represents the 

weight of the decimal digit. The decimal digits    can have different representations for the 

same value according to the weights of the bits               within the decimal digit. The 

following equations show the relation among these elements. 

   ∑       

     

   

 (‎3.1) 

And 

    ∑      

   

   

 (‎3.2) 

Where    is the weight of bit j of the decimal digit, and     is the value of the bit at weight j 

within digit   . 

The most used binary coded decimal format is         , which is a non-redundant 

format as each digit has only one representation. There are many other formats which can be 

used such as          and          [5]. These formats are redundant formats where 

two or more different representations exist for the same decimal digit. Table 3.1 shows the 

different representations for decimal digit   . 

For          and          formats the sum of weight bits equals nine, and they 

are suitable for simple decimal carry save addition. There is another advantage that is all 

sixteen possibilities of 4-bit vector give a valid decimal number         , 

∑  

   

   

    (‎3.3) 

The nines complement of any decimal number coded in          or          

formats can be obtained by inverting all bits of the decimal number (one’s complement), as, 

     ∑  

   

   

 ∑      

   

   

  ∑   (     )

   

   

 ∑      
̅̅ ̅

   

   

 (‎3.4) 
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Hence we can obtain the negative value of any decimal number by inverting all bits of the 

number and then adding one as follows, 

        ∑      

   

   

    ∑      
̅̅ ̅

   

   

 (‎3.5) 

 

Digit 8421 4221 5211 

0 0000 0000 0000 

1 0001 0001 0001 or 0010 

2 0010 0010  or 0100 0011 or 0100 

 0011 0011 or 0101 0101 or 0110 

4 010 1000 or 0110 0111 

5 0101 1001 or 0111 1000 

6 0110 1010 or 1100 1001 or 1010 

7 0111 1011 or 1101 1011 or 1100 

8 1000 1110 1110 or 1101 

9 1001 1111 1111 
Table ‎3.1: Different BCD Representations for a Decimal Number 

We can obtain multiple 2D of any decimal number coded in          format as each 

         digit is first recoded to the        decimal coding, and then left shift by one 

digit is performed to the recoded multiplicand, obtaining the    multiple in          [5].  

 X                   X      (‎3.6) 

3.2 Proposed Carry Extractor 

Carry extraction is a technique that is used to extract the carry out of two numbers without 

addition process also this technique can be used to enhance the addition process as we can 

avoid carry propagation by extracting the carry in to each digit of the sum using separate tree; 

the proposed process is performed in two steps. First we generate three flag vectors for the 

operands, the first vector is called propagate vector as each bit of this vector represent the 

logic XOR value of the corresponding operands bits. The second vector is called Generate 

vector as each bit of this vector represent the logic AND value of the corresponding operands 

bits The third vector is called OR vector as each bit of this vector represent the logic OR 

value of the corresponding operands bits. As shown in equations (3.7, 3.8, 3.9).     

         (‎3.7) 

           (‎3.8) 

         (‎3.9) 

After that these three vectors are used to produce the digit level propagate and generate 

vectors for each corresponding digits of the of the operands as shown in equations (3.10, 

3.11) 
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Correction Value 

determination 

 

One digit Carry-in extractor 

 

One-Digit Hexadecimal Adder Digit level Propagate-Generation 

Bit level Propagate-Generate-Or 

A  B

One-Digit Hexadecimal Adder 

P         ̅̅ ̅̅     ̅̅ ̅̅         ̅̅ ̅̅                 ̅̅ ̅̅        ̅̅ ̅̅     (‎3.10) 

G                                                 
(‎3.11) 

Where, 

{
P                           
P                                            

 
(‎3.12) 

{
G                           
G                                            

 
(‎3.13) 

The carry out of digit i is extracted according to the following equation, 

      ∑(  ∏   

   

     

)

   

   

 (‎3.14) 

3.3 Proposed BCD Adder 

Figure 3.1 shows the block diagram of the proposed 8421-BCD adder which is used to add 

two operands each of length N-digit and the two operands are coded in 8421 decimal format, 

this adder consists of Propagate-Generate-Or vectors extractor, One-Digit Hexadecimal 

Adder, Carry-in extractor, and Post Correction module. 

At first we generate the three flag vectors propagate, generate, and or vectors for the 

operands, as shown in equations (3.7, 3.8, 3.9). 

 

 

 

 

 

  

 

 

 

 

 

Figure ‎3.1: BCD adder 
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The two operands will be added to each other using carry-free hexadecimal adder as each 

digit of operand-A will be added to the corresponding digit of operand-B without any carry in 

using One-Digit Hexadecimal Adder module, so all digits will be added in parallel to produce 

the intermediate sum.  Each four bit of the bit level propagate and generate vectors are used 

to produce the intermediate sum digit as shown in equations (3.15, 3.16, 3.17, 3.18). 

Each digit of the two operands is added using hexadecimal  adder, so it is required to 

correct the resulted digit by adding six to it, if its value exceeds  nine, also it is required to 

add one to each digit if there is carry in to this digit. Hence, there are four values to be added 

to each digit of the intermediate sum as follow, 

- Zero if the carry in equals zero and the digit value is lower than or equal to nine. 

- One if the carry in equals one and the digit value is lower than or equal to nine. 

- Six if the carry in equals zero and the digit value is greater than nine. 

- Seven if the carry in equals one and the digit value is greater nine. 

        (‎3.15) 

             
(‎3.16) 

                       
(‎3.17) 

                                   
(‎3.18) 

So in parallel to the hexadecimal addition process we extract the digit level Propagate and 

Generate vectors for each digit of the intermediate sum as shown in equations (3.10, 3.11). 

The carry in to each digit will be extracted according to equation (3.14), 

Now after determining the value of each digit of the intermediate sum if it is equals nine or 

greater and the carry in to each digit, we can produce the value which will be added to each 

digit to produce the correct final sum as follow,  

{
 

 
                                                G                        
                                               G        P    

                                                G                        
                                               G        P    

 (‎3.19) 

Again we will use the One-Digit Hexadecimal Adder module to add each digit of the 

intermediate sum to its correction value to produce the final correct sum. 

3.4 Proposed Radix-10 Multiplier 

Figure3.2 shows the block diagram of the proposed Radix 10 multiplier. The multiplier 

consists of: generation of multiplicand multiples, generation of partial products and reduction 

of partial products tree into two final vectors (   and   ).  

Each digit of the multiplier Y           will control a multiplexer to select the 

multiplicand X           multiple out of    X  X     X  to determine the corresponding 
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partial product vector for each multiplier digit. Hence there will be (n) partial product vectors 

of length            . Before the reduction of the partial product tree each partial product 

vector will be aligned according to the decimal weight of the multiplier selector digit. Then 

using carry save adder reduction tree the partial product tree will be reduced into two vectors 

each of length (2m+1). 

 

 

 

 

  

 

 

 

 

 

Figure ‎3.2: Radix 10 multiplier 

3.4.1 Multiplicand Multiples Generation 

It is required to generate all multiplicand multiples    X  X     X , which is coded in 

         format, and all generated multiples will be coded in          format. 

For the multiplicand if it is multiplied by any digit        there will be two vectors to 

represent the multiple, the first vector is the individuals vector and the other is the tens vector. 

As when multiplying every digit of the multiplicand by any digit        this will result in a 

number which consists of two digits according to table (3.2), and then we will form two 

vectors one of individuals and the other of tens according the weight of the multiplicand digit. 

First we will generate multiples {2X, 3X, 5X, 6X, 7X, 9X}, then the multiple {4X} will be 

generated by multiplying multiple {2X} by two and the same procedure will be used to 

generate the multiple {8X} from multiple {4X}. 

Till now for each multiple {2X, 3X, 5X, 6X, 7X, 9X}, we have two vectors which will be 

added to each other to produce the final multiple. But the summation of the maximum 

individual digit and the maximum tens digit of multiples {2X, 5X} doesn’t exceed nine, 

hence when adding their vectors to each there will be no carry propagation and no correction 

will be needed to the final result.  

For multiple {2X} as shown in table (3.2) the ten digit is always zero or one and the least 

significant bit of the individual digit is always zero because the result of multiplying by two 

is always even, hence the multiple {2X} can be obtained according to equations (3.20, 3.21, 

3.22, 3.23), and the result multiple is in 4221-BCD format. 

                                                  

PP               

(m+1) digit 

  X        X           X         X           X         X          X         X         X 

  

 
MUX (16: 1) 
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Reduction Tree  

Multiplicand Multiples Generation  
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  X                              
(‎3.20) 

  X                 ̅̅ ̅      ̅̅ ̅        (‎3.21) 

  X                    ̅̅ ̅    ̅̅ ̅           
(‎3.22) 

  X              ̅̅ ̅                         (‎3.23) 

, where         

           Multiplier 

Multiplicand Digit 2 3 5 6 7 9 

0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 1 0 3 0 5 0 6 0 7 0 9 

2 0 4 0 6 1 0 1 2 1 4 1 8 

3 0 6 0 9 1 5 1 8 2 1 2 7 

4 0 8 1 2 2 0 2 4 2 8 36 

5 1 0 1 5 2 5 3 0 3 5 4 5 

6 1 2 1 8 3 0 3 6 4 2 5 4 

7 1 4 2 1 3 5 4 2 4 9 6 3 

8 1 6 2 4 4 0 4 8 5 6 7 2 

9 1 8 2 7 4 5 5 4 6 3 8 1 

Table ‎3.2:  Multiples of single decimal digit 

To obtain multiple {4X}, the multiple {2X} is recoded from 4221-BCD format to 5211-

BCD format which is also redundant format, and then              is performed to the recoded 

multiplicand, obtaining the {4X} multiple in          as shown in equation (3.6). The 

multiple {8X} can be obtained from multiple {4X} by the same way. 

Multiple {5X}, as shown in table (3.2) the individual digit is always zero or five if the 

corresponding multiplicand digit is even or odd. So we can merge the individual of digit X  

with the ten of digit X    to obtain the multiple {5X} which is recoded in 4221-BCD format 

directly according to equations (3.24, 3.25, 3.26, and 3.27).  

  X                                        (‎3.24) 

  X                                   (‎3.25) 

  X                                              (‎3.26) 

  X                                                (‎3.27) 

For multiples {2X, 5X} the summation of the maximum individual digit and the maximum 

tens digit doesn’t exceed nine, hence when adding their vectors to each there will be no carry 

propagation and no correction to the final result will be needed, so we will use two rows of 

One-Digit Hexadecimal Adder, one is used to add multiple {2X} vectors and the other to add 

multiple {5X} vectors. 
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The individual and ten digits of multiples {3X, 6X, 7X, 9X} are obtained as shown in table 

3.3. 

Then each digit of the individuals and the tens are aligned according to multiplicand digit 

X  to form the individuals vector and the tens vector for each multiple, after that each 

corresponding two vectors are added using 8421-BCD adder to produce multiples {3X, 6X, 

7X, 9X}. 

Table ‎3.3:  The individual and ten digits of multiples {3X, 6X, 7X, 9X} 

3.4.2 Partial Product Array 

As described before, the radix-10 architecture produces n partial products vectors coded 

in        format. Before being reduced, the n partial products  PP   are aligned according to 

their decimal weights by        wired left shifts (PP     ). Figure 3.3 shows the resultant 

partial product array for     multiplier , so the number of partial product vectors is 8 

vectors and it is required to reduce these vectors into two vectors only using 3:2 CSA's.   

          
     

     
     

     
     

     
     

     
  

         
     

     
     

     
     

     
     

     
   

        
     

     
     

     
     

     
     

     
    

       
     

     
     

     
     

     
     

     
     

      
     

     
     

     
     

     
     

     
      

     
     

     
     

     
     

     
     

     
       

    
     

     
     

     
     

     
     

     
        

   
     

     
     

     
     

     
     

     
         

 

Figure ‎3.3: partial product array for 8×8 multiplier 
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3.4.3 Partial Product Reduction 

As mentioned earlier all partial product array elements are recoded in 4221 redundant 

format, which simplify the process of PP reduction. Assume there are three decimal digits 

            coded in 4221 format, we can use binary carry save adder to add these three 

digits to each other which produces only two digits the sum (S) and the carry (H) both are 

recoded in 4221 format, according equation (3.28).  

             ∑                

 

   

                     
 

                            ∑       

 

   

   ∑       

 

   

  
 

               Z                                                   (‎3.28) 

However it is required to multiply the carry digit (H) by two, so that the carry digit (H) is 

first converted to 5211 format and shifted to the left by 1-bit, then the result will be 2H coded 

in 4221 format.   

In order to reduce the partial product array in Figure 3.3, we can apply equation (3.28) for 

decimal vectors instead of single decimal digits, so we can reduce every three vectors of the 

partial products array into two vectors using CSA according as shown in figure 3.4. Hence, 

for N vectors passed through one step of 3:2 CSA the number of resulted vectors will be 

(⌊
 

 
⌋    )              ( ⌊

 

 
⌋ )   vectors, and then we apply the same operation on the 

resulted vectors until we reach to two vectors. 

 

 

 

 

 

 

 

 
 

Figure ‎3.4: One step of partial product array reduction 
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To reduce three vectors firstly we use CSA stage to produce sum and carry vectors each of 

them is recoded in 4221 format then to multiply the carry vector by two each digit is first 

recoded to the (5211) decimal coding , then              is performed to the recoded 

multiplicand, which produce    multiple in 4221-BCD. 

 

 

 

 

Figure ‎3.5: Reduction of three 4221-BCD vectors using CSA 

At the end of partial product reduction stage there are two vectors obtained, the sum vector 

(  ) and the carry vector (  ). Both vectors are coded in the 4221 format. 

In the next chapter the proposed Decimal Floating Point Divider is presented and all details 

of its design show that how we use the previously described modules. 
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Chapter 4. Design of the proposed DFP Divider 

As presented in chapter 1, IEEE 754-2008 defines three formats for decimal floating point 

numbers which are decimal-32, decimal-64, and decimal-128. The proposed very high radix 

divider is implemented based on decimal-64 format. As the most used decimal dividers are 

based on decimal-64 format and, a divider based on decimal-128 format can be easily 

obtained by some modification of decimal-64 divider. 

Figure 4.1 shows the proposed decimal floating point divider. As described in chapter 1, 

the decimal floating point number consists of three parts which are the sign, coefficient, and 

the exponent. Let the dividend be FX and the divisor be FY, and they are formed as follow, 

 X         X                           (‎4.1) 

 Y         Y                    (‎4.2) 

The coefficients X and Y represent the fractional numbers, these coefficient are not 

normalized as the fraction point is a virtual point at the right of the least significant digit of 

the coefficient, which is recommended by IEEE 754-2008 standard to keep trailing zeros, 

which help in many fields as described in 1.2.1 and 1.2.2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎4.1: Architecture of IEEE 754-2008 divider 

Because the coefficients X and Y are not normalized, they may contain leading zeros; 

these leading zeros should be removed via a shifter which will affect the calculation of the 
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exponent. Assuming  Z       Z  are the leading zeros value of X and Y respectively, the 

exponent is calculated after shifting as follow, 

          Z   Z       (‎4.3) 

The normalized X and Y are the input dividend and divisor operands to the fixed point 

divider which produces three digits in each iteration. And the final quotient is normalized to 

left so it may be required to apply shift to right to the quotient, which will affect the final 

exponent value also. Shifting and rounding operations proceed on the final quotient to 

generate the final result compliant with IEEE 754-2008 standard. 

4.1 Proposed Division Algorithm 

This thesis presents an arithmetic algorithm and hardware design for decimal floating-point 

divider that is based on “Very High Radix” division algorithm [32]. Here we adopt "Accurate 

Quotient Approximations” binary division algorithm [39] and modify it to be used for 

decimal division. 

Our contribution is to design a new decimal divider based on "Accurate Quotient 

Approximations” division algorithm and make all other operation for this divider to be 

compliant with IEEE 754-2008 as described later.  

4.1.1 Accurate Quotient Approximations 

Here we will modify binary Accurate Quotient Approximations division algorithm instead 

of using binary radix we use decimal radix, so the division iterative equations will be, 

             
  

 

Y 
      (‎4.4) 

             
  

 

Y 
 Y (‎4.5) 

Where     is the partial remainder after iteration i and initially equals the dividend X,     
  

is defined as the      most significant digits of    and is extended by zeros to form 

          number, and  Y  is defined as the   most significant digits of  Y and is extended 

by nines to form           number. This leads to     
  being always smaller than or equals 

to    and  Y  is always greater than or equals to Y. Therefore the reciprocal approximation  
 

  
 

is always smaller than or equals 
 

 
 , hence 

  

  
 is always smaller than or equals 

 

 
.  

Then we follow the same steps for AQA binary division algorithm as described earlier in 

chapter two (2.2.3.1).  

After the completion of all iterations, the top n digits of Q form the true quotient. 

Similarly, the final remainder is formed by right-shifting          digits. This remainder, 

though, assumes the use of the entire value of    as the quotient. If only the top n-bits of   

are used as the quotient, then the final remainder is calculated by adding      Y to  , where 

    comprises the low order bits of   after the top n-bits. 
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To determine number of digits retired per iteration we will follow the same analysis for 

AQA binary division algorithm, by substituting in equation (2.50) for radix     , 

                                   (‎4.6) 

                                                                                 (‎4.7) 

Hence            are guaranteed every iteration. 

4.2 Architecture 

This part shows the overall architecture of the proposed AQA divider. 

4.2.1 Operands Normalization 

This module is used to normalize the dividend and the divisor by shifting each operand to 

left with a value equal to the number of the leading zeroes in each operand. In order to 

perform the shift operation we extract two flag words W  and W  of the dividend and the 

divisor as each bit represent the value of the corresponding digit if it is zero or not as shown 

in figure 4.2. Hence we will have W  and W  each representing the status of digits X and Y 

respectively which are used as control signals for two multiplexers to produce the dividend 

and the divisor in normalized form and the value of the shift for both 

operands X         Y   .  If one of the operands is zero the corresponding zero 

flag X       Y   will be signaled. 

  

 

 

 

Figure ‎4.2: Extraction of zero flag vector for both operands 

4.2.2 Intermediate Exponent Calculator 

Here we calculate the exponent which may be adjusted later as mentioned earlier as any 

shift to the final quotient affect the final exponent value. This module will generate two flags 

the overflow flag will be generated if the intermediate exponent is larger than maximum 

exponent, and the underflow flag which will be generated if the intermediate exponent is 

lower than minimum exponent. Also it generates the under-flow value which will be used to 

shift the quotient to right to achieve right result. 

There are two types of the exponent as follow, when both operands the dividend and the 

divisor are normal non-zero numbers, here we add the exponent of the dividend to the leading 

zeroes value of the divisor and the exponent of the divisor to the leading zeroes value of the 

dividend. Then we subtract the second result from the first result which will generate the 

exponent without the bias as shown in equation 4.3. Then we add the bias to the resultant 

exponent to generate the intermediate exponent as shown in figure 4.3. 
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Figure ‎4.3: Intermediate normal exponent calculator 

If the dividend is zero and the divisor is normal non-zero number the divisor exponent is 

subtracted from the dividend exponent directly and then the bias is added to the result to 

produce the intermediate exponent as shown in figure 4.4. 

 

 

 

  

 

 

Figure ‎4.4: Intermediate exponent calculator for zero dividend 

4.2.3 Decimal Fixed Point Divider 

Figure 4.4 shows the block diagram of decimal fixed point divider which is the core of our 

decimal floating divider as normalized X is divided by normalized Y using AQA Division 

Algorithm. It is an iterative algorithm which can be represented by the following pseudo 

code, 
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The number of iterations is determined by the number of digits which are retired every 

iteration and the desired precision. The number of digits which are retired every iteration 

depends on the number of most significant digits of  X     Y which are used to form X  and 

Y  respectively. Here we use the most significant five digits of X to form X  and the most 

significant four digits of Y to form Y   hence; the number of digits which retired every 

iteration will be three digits and to prove that we will use the following equation, 

        
       

     Y      
     Y (‎4.8) 

And then substituting for the maximum value of each element at      Y          
              is, 

     
 |                

    
 |           

  |    
          

            
 

  |         

              (‎4.9) 

          
(‎4.10) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎4.5: Fixed point divider 
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To carry out this operation three operands are used which are, X    , Y    , and 
 

  
. 

An approximated value of  
 

  
  is stored in decimal form, in a binary addressed memory, 

accessed by conversion of the most significant four digits of Y    to its binary value. 

4.2.3.1 Divisor High Inverse Memory 

An approximated value for 
 

  
 is obtained by accessing a memory using most significant 

four digits of normalized divisor (Y  Y  Y  Y   ) as the address. This approximated value is 

the most significant four digits of 
 

  
. Instead of using this address in BCD form we convert 

this address form to Binary form to save memory area. So then we access the memory using 

the binary address.  

 

 

 

 

 

 

Figure ‎4.6: Divisor high inverse memory block 

4.2.3.2 4-D BCD to Binary Converter 

Here we convert each digit of the four digits decimal number to its corresponding binary 

value using stored values according to the weight of the decimal digit as follow, 

Example ‎4.1 ,  Let                             Then, 

    
                          

          ,thousands            

    
                       

         ,hundreds        

    
                    

        ,tens         

    
                 

        individuals         

Then we add these four binary values to each other by dividing them into two parts most 

significant part and least significant part each is seven bits. 

By observation we can note that the least significant three bits of the thousands binary 

number are always zero so we can occupy these three bits by the least significant three bits of 

the individual binary number. Also the least significant two bits of the hundreds binary 

number are zeros so we can represent the individual binary number when it equals eight or 
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nine by setting the least significant three digits of the thousands binary number to one and set 

the least significant two bit of the hundreds binary number to have value one or two if the 

individual binary number equals eight or nine respectively. 

 

 

 

 

Figure ‎4.7: Divisor high digits conversion from BCD to Binary 

Hence we will have three binary numbers which will be reduced to two numbers using 

CSA; and then these two binary numbers will be added to each other using CPA to produce 

the memory address as shown in figure 4.8. 

 

  

 

 

 

 

Figure ‎4.8: Binary memory address generation 
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Figure ‎4.9: Memory access using binary address 

Example ‎4.2,  Y                                  
 

  
                                         

  
 

Y 
)
       

        

 

 MUX 

      
    

     
      T          

      
         

         
    

    
     T              

                     
               

 MUX  MUX 

                          

 3:2 bin CSA  

 T                         T  
 

13-bit CPA  

Memory Address 

Binary addressed memory 

  
 

Y 
)
       

 

 

Memory 

Address 



  

37 

 

4.2.3.4 Divisor Prime Calculator 

Here we calculate divisor prime value once and then this value is used along the operation 

as this value is invariant. Divisor prime value is the result of multiplying Y     by  
 

  
)
       

, 

hence we reuse       Radix-10 Multiplier to perform this multiplication operation; all 

details of this module will be described later in 4.3.3.6.  

The output of the multiplier will be two vectors which are the sum and carry representing 

the divisor prime. Then these two vectors are added to each other using BCD adder to 

produce the divisor prime. 

 

 

 

 

 

Figure ‎4.10: Divisor prime generation 

4.2.3.5 Divisor Prime and Divisor High Inverse Multiples 

According to our algorithm the value of  Y  and 
 

  
 are invariant along the division 

operation hence instead of generation their multiples every iteration for the multiplication 

process we generate them once before entering the loop then we use these values along all 

iterations as shown in figure (4.4). To produce the multiples of the two numbers Y  and 
 

  
 we 

follow the technique that described in 3.4.1. 

4.2.3.6 Partial Remainder Module 

Figure 4.11 shows the block diagram of the partial remainder module, which is designed to 

execute equation 4.1. In order to generate the new partial remainder, the most significant six 

digits of partial remainder which represent the partial remainder high   , multiplied by 

divisor prime, then the result is subtracted from current partial remainder to generate the new 

partial remainder as shown in equation 4.1, at first iteration the partial remainder is the 

dividend. 

The partial remainder high   
  will be used as a multiplier for the following multiplication 

operation,   
  Y  .  

For this multiplication operation the multiplicands multiples (Y   Y      Y ) have been 

generated before starting the fixed division operation as described in 4.3.3.5, in order to 

reduce the time of the multiplication process. Then each digit of the multiplier   
  will choose 

the corresponding multiples of the multiplicands Y  which produce six partial product vectors that 

 Y 
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are reduced using CSA reduction tree to two vectors which are    
         

   then these two 

vectors are added to each other using BCD adder to produce the new partial remainder. 

 

 

 

 

 

 

 

 

 

Figure ‎4.11: Partial remainder module 

4.2.3.7 Quotient Generator Module 

As shown in figure 4.12 the same steps that used to generate the new partial remainder are 

used to produce the new quotient digits as the partial remainder high is multiplied by the 

divisor high inverse   Y , where the multiplier is the partial remainder high   
  the 

multiplicands multiples (
 

  
  

 

  
    

 

  
) have been generated before starting the fixed division 

operation as described in 4.3.3.5. Then the produced partial product vectors are reduced into 

two vectors represent the intermediate quotient    
         

  , these two vectors are added to 

the quotient digit which are produced in the previous clock using CSA reduction tree as the 

input quotient is represented in two vectors     
         

   in 4221-BCD format, to avoid 

carry propagation adders. 

The input quotient vectors will be shifted to left three digits as shown in equation 4.5 in 

order to add the intermediate quotient vectors    
        

   to achieve correct addition.  

           
       (‎4.11) 

Because there are two vectors    
         

   represent the intermediate quotient each in 

4221-BCD format and these two vectors are used in CSA reduction tree there may be a 

hidden carry out which can be detected only when adding these two vectors to each other 

using carry propagation adder as shown in example 4.3, this hidden carry out will increase 

the value of the intermediate quotient digits with one at the left of the most significant digit, 

that will affect the produced quotient at this clock. To remove the effect of this hidden one we 

detect if there is a carry out of the intermediate quotient    
         

   in each iteration by 

using generate-propagate technique. Then a negative one vector is produced if there is hidden 

carry-out and this negative one is subtracted from the intermediate quotient 

vectors    
         

  . Numerical example 4.3 illustrates this problem. 
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Example ‎4.3: Let    
 )

    
                   

  )
    

             

Which is equivalent to, 

    
 )

    
     

  )
    

              , and we will only need              

And the carry out is hidden and this carry-out will affect the correct value of the quotient.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎4.12: Quotient generator module 

Hence we will have five vectors which are two vectors for quotient   
        

  , 

intermediate quotient vectors    
         

   and negative one vector. These five vectors are 

reduced by using 3:2 CSA reduction tree into two vectors which are the quotient prime 

  
        

   which will be the input for the next clock. 

4.2.4 Tail Zeroes Detector 

To be compliant with the standard it is required to detect the number of tail zeroes for the 

final result, as this is very useful in physical measurements to distinguish between the 

accuracy of measurement. In physical measurements, we distinguish between the cases when 

the mass of a body is 0.050 kg versus 0.05 kg and say that the first measurement is accurate 

to the nearest gram while the second is only accurate to the nearest ten grams. So it is very 

important to generate a result with the same precision of the input. 

To do that, we detect the number of tail zeroes in the dividend and the divisor, then we 

extract the number of two’s and five’s that are in the dividend and the divisor, then we 

subtract every extracted divisor element form the corresponding extracted dividend element. 
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Figure ‎4.13: Tail zeroes detector 

4.2.4.1 Extraction of The Number of Tail Zeroes 

Digits X and Y each is shifted to right with values equal to the number of tail zeroes in 

each digit this done through “Switch CaseX”  and cases are chosen according to W  and W  

for operand X and Y respectively and the shift value represents the number of tail zeroes for 

both operands. Hence, we will have the number of tail zeroes for dividend X and divisor Y. 

Then we subtract the number of tail zeroes of the divisor from number of tail zeros of the 

dividend to extract the difference between them which represents the intermediate tail zeros 

number. If the intermediate tail zeros number is positive the final result may have tail zeros, 

but if it is zero or negative the final result will not have tail zeroes.  To illustrate this issue 

table shows numerical examples 

X Y W  W  X    Y    Inter. tail zeros 

                                                  

                                                  

                                                     

Table ‎4.1: Extraction of Intermediate tail zeroes 

 

 

    Multiples 
(X, 2X, …, 9X) 

Norm. X 

to right  

Zero Ten P 

       

No. of tail 

zeroes of X 

W  

                           

W  

No. of tail 

zeroes of Y 

Norm. Y to 

right  

MUX MUX 

    Multiples 
(X, 2X, …, 9X) 

(Propagate, Ten, and Zero) 

vectors extractor 

Zero vector extractor 

MUX 

No. of zeros 

 

MUX (16-bit) MUX (16-bit) 

X Y 
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4.2.4.2 Extraction of The Number of 2’s and 5’s 

The number of tail zeroes of the quotient will be affected by the number of 2’s and 5’s that 

are contained by the divisor as if the number of tail zeroes of the result is positive and the 

divisor contains five or two this will decrement the number of tail zeroes by one, and if these 

number of 2’s and 5’s increased the number of tail zeroes will decrease by a value equals to 

the number of 2’s or 5’s of the divisor. 

But the dividend also may contain tows or 5’s, so 2’s and 5’s of the dividend will cancel 

the 2’s and 5’s of the divisor. 

We will subtract the number of 2’s (5’s) of the dividend from the number of 2’s (5’s) of 

the divisor and if the difference is positive hence the number of quotient tail zeroes will 

decrease by a value equals to this result. 

To extract number of 2’s (5’s) in a certain number we multiply normalized to right version 

of this number by five (two) to the power of maximum number of 2’s (5’s) using radix 10 

multiplier  that can be contained by this number for example to find number of 2’s (5’s) in a 

decimal number consists of sixteen digit as in our FPD we first extract the maximum number 

of 2’s (5’s) can be found in sixteen digit as maximum number of 2’s in sixteen digit  
⌊                      ⌋=53 (maximum number of 5’s in sixteen 

digit  ⌊                      ⌋    ) then we multiply normalized to right version of 

this number by                                 (                                 which is a fixed value so 

we will use its multiples directly then we calculate the number of tail zeroes in the 

multiplication result which represents number of 2’s (5’s) in this digit. 

Multiplication process will result two 54-digit vectors (S and 2H) in 4221 form, and It is 

required to detect the number of series tail zeros of the multiplication result. So we extract the 

number of tail zeroes by a new way using "Zero vector extractor" as we aim to generate a 54-

bit vector represents the value of the each digit of the multiplication result, if the digit value 

equals zero, then the corresponding bit will be one, else the corresponding bit will be set to 

zero.  

To avoid CPA we use the following technique, 

1- For the multiplication vectors S and 2H we will generate three vectors, the first 

vector is the propagate vector as each bit will equals one if the corresponding digit 

equals nine otherwise this bit will equal zero, the second vector is ten vector as each 

bit of this vector equals one if the corresponding digit equals ten else the bit will 

equal zero, and the third vector is the zero vector as each bit of this vector equals one 

if the corresponding digit equals zero else the bit will equal zero. 

2- Using these three vector we generate the final zero vector which represents the 

position of zeroes in the multiplication result vectors according to the following 

equation  

{
 
 

 
 

                                Z   
                               Z   
                                Z   
                               Z   
                                                    Z   

 (‎4.12) 
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3- Then the final zero vector is passed through a multiplexer to count the number of tail 

zeros which represents the number of 2’s (5’s) in the operand, this done in parallel 

with multiplication as the multiplication represents the current state and this process 

represents next state. Figure 4.14 represents numerical example to illustrate the idea.  

To extract the no of 2’s and 5’s for both operands we will need four identical hardware 

units for each result, so to save the hardware we execute these four processes in loop 

manner as we use only one hardware unit consists of "                    " and 

"no. of tail Zeroes Extractor" and in each iteration we change the input to this module. 

S X X X 0 5 8 4 … 2 4 0 0 

2H X X X 0 4 2 5 … 7 6 0 0 

    X X X 0 9 10 9 … 9 10 0 0 

P X X X 0 1 0 1 … 1 0 0 0 

Ten X X X 0 0 0 0 … 0 1 0 0 

Zero X X X 0 0 0 0 … 0 0 1 1 

Final Zero X X X 0 1 0 1 … 1 1 1 1 

 
 

Figure ‎4.14: Zero vector generation to obtain number of tail zeros 

Now we have "intermediate no. of tail zeroes", "no. of 2’s and 5’s" of the dividend and the 

divisor, then we subtract each value of the dividend from its corresponding value of the 

divisor hence we will have three values which are, Dividend Divisor Tail Zeroes difference, 

Dividend Divisor Tows difference, and Dividend Divisor 5’s difference. 

Then we subtract the “Dividend Divisor Tows difference” and “Dividend Divisor 5’s 

difference” from “Dividend Divisor Tail Zeroes difference” if both “Dividend Divisor 2’s 

difference” and “Dividend Divisor 5’s difference” are Positive value else Zero is subtracted. 

Finally number of tail zeroes for the final result has been detected the maximum value 

allowable for this value is fifteen (4-bits) as shown in figure 4.15. Examples 4.4, 4.5, and 4.6 

show numerical example for the extraction of the final result tail zeros value.  

Example ‎4.4: 

 W TZ 
Norm. 

to Right 
     

No.  
       

     
No. 

       
X           0..0011110000 4      XX7200000 5 XX65625 0 
Y           0..0000011110 1      XX6099072 0 XX12500 2 

Then, 

TZ            X    Y         

         Y     X               

         Y     X           

                         TZ                               

Tail Zeros Series 



  

43 

 

Example ‎4.5: 

 W TZ 
Norm. 

to Right 
     

No. 
       

     
No.  

       
X          0..0001111000 3      XX7200000 5 XX65625 0 
Y          0..0000011110 1      XX5744000 3 XX78125 0 

Then, 

TZ            X    Y         

         Y     X               

         Y     X           

                         TZ                               

Example ‎4.6: 

 W TZ 
Norm. 

to Right 
     

No. 
       

     
No.  

       

X          0..0001111000 3      XX3005696 0 XX62500 2 

Y          0..0000011110 1      XX5744000 3 XX78125 0 

Then, 

TZ            X    Y         

         Y     X            

         Y     X              

                         TZ                                  

 

 

 

 

 

 

 

 

 

 

  

 

Figure ‎4.15: Binary processes to find the value of tail zeroes 

 

Final Result Tail Zeroes Value (4-bit) 

4-bit CPA 

Dividend-Divisor 

Tail zeros diff. 

 

CSA 

4-bit CPA 

Divisor Tail 

Zeros 4-bit 

Divided Tail 

Zeros 4-bit 
 

0 Dividend-Divisor 

Tows diff. 

MUX 
     

6-bit CPA 

Divisor-Twos 

6-bit 
Divided-Twos 

6-bit 

 0 Dividend-Divisor 

Fives diff. 

MUX 
     

6-bit CPA 

Divisor-Fives 

6-bit 

Divided-Fives 

6-bit 
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4.2.5 Final Quotient Preparation and Rounding 

Because the dividend is normalized to be     X    and the divisor is normalized to 

be     Y   , the value of the resulted quotient    of the fixed point divider will belong to 

two intervals, the first one is         when the normalized dividend is greater than or 

equal to the normalized divisor, and the other interval is          when the normalized 

dividend is smaller than the normalized divisor. So it is required to keep the resulted quotient 

in the range          to be have the same form of the input operands, to do that the 

normalized divisor is subtracted from the normalized dividend and if the result is negative 

which means that the normalized divisor is greater than the normalized dividend hence the 

quotient will be shifted one digit to left and the exponent will be updated with this shift, 

otherwise no shift is required. 

As mentioned earlier the resulted quotient    is an approximation of the infinite correct 

quotient  , hence the difference between the finite correct quotient Q up to n+1 digits and the 

resulted quotient    is always, 

                         
           (‎4.13) 

Where n represents the desired precision. 

Hence, it is required to adjust the resulted quotient    to achieve correct rounding so we 

follow the technique that proposed in [16]. As the resulted quotient    is truncated to (n+1) 

digit then          is added to the truncated result to have    . Then the     is multiplied by 

the divisor Y after that the result is subtracted from the dividend to determine the remainder 

R as follow, 

  X      Y (‎4.14) 

This operation is performed by calculating the multiples of     and then the radix-10 

(38   ) multiplier is reused to perform the multiplication     Y, which results in two 

vectors each in form 4221-BCD format, these two vectors are subtracted from the dividend 

using CSA, which produces another two vectors represent the remainder R. the remainder R 

is checked if it equals zero or not using the same technique that used in 4.3.4.2. To detect the 

sign of the remainder R we check if the sum of the most significant digit of its vectors equals 

nine hence negative sign or equals zero hence positive sign. 

According to the sign of the remainder R and if it equals zero the final quotient is chosen 

from           , as if the remainder R is negative value the or zero the chosen quotient 

        will be     else the chosen quotient         will be the most significant n+1 digits of 

   as the most significant n digits represent the desired precision and the least significant 

digit is the guard digit. The chosen quotient         will be shifted and rounded to generate 

the correct output quotient as will be described. 

The chosen quotient is called exact quotient if it equals the infinite correct quotient  , and 

that can happen when, the normalized dividend is multiple of the normalized divisor. The 

exact quotient can be detected by that if the remainder R is zero. 
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The chosen quotient         will be shifted to right in two cases, the first case when the 

chosen quotient        is exact. As the exact quotient may contain tail zeroes that can be 

removed by shifting the quotient to right.  

The value of right shift in case of exact quotient will be the difference between the no. of 

zeros in the quotient vector and the "Final Result Tail Zeroes Value  " , but if the " Final Result 

Tail Zeroes Value  "  is zero the shift value equals no. of tail zeros in the exact quotient as 

shown in figure 4.15. The value of shift is added to the intermediate exponent to achieve 

correct results but if the resulted exponent is greater than the maximum exponent value the 

quotient will be shifted to right by value equals to the difference between the intermediate 

exponent and the maximum exponent only and the final exponent is set to the maximum 

exponent value as shown in figure 4.15, this can be achieved by subtracting the intermediate 

exponent from the maximum exponent , then we compare the result with " Final Result Tail 

Zeroes Value " if greater it is ok, else we will use the difference between the intermediate 

exponent and the maximum exponent the as input to the shifter as shown in figure 4.15. 

But if there is an underflow we will use the "underflow value" -which is the difference 

between the intermediate exponent and the minimum exponent that is generated by exponent 

module- as the input to the shifter instead of normal result shift value. 

For underflow there are four cases, 

a. Subnormal number, as the intermediate exponent is lower than the minimum 

exponent with value below sixteen, the quotient is exact, and the number of the tail 

zeroes of the exponent is greater than the underflow value. So the quotient is shifted to 

right with value equals to the underflow value, the exponent is set to minimum 

exponent value, and the underflow flag will not be raised.  

b. Acceptable underflow where, the result exponent is lower than the minimum 

exponent with a value below sixteen, and the quotient is inexact or may be exact but its 

tail zeroes number is lower than the underflow value, hence the chosen quotient is 

shifted the with value equals to the underflow value, set the exponent to the minimum 

exponent, and the underflow flag is raised. 

c. The underflow value equals sixteen where, the difference between the exponent and 

the minimum exponent value equals sixteen, here we will keep the most significant 

digit of the chosen quotient in the guard digit position of the final quotient, set all the 

most significant digits of the final quotient to zero, set the exponent to the minimum 

exponent, and the underflow flag is raised. 

d. Non-acceptable underflow, the difference between the exponent and the minimum 

exponent value is greater than sixteen, here we set the final quotient to zero, and set the 

exponent to the minimum exponent. 

After determining the required shift value which is k, the chosen quotient         is shifted 

to right with this value, the most significant k digits will be set to zero and the shifted out 

digits will be eliminated. Hence there will be seventeen digits for final quotient        as the 

most significant sixteen digits will be the quotient and least significant digit will be the guard 

digit to be used in rounding. 

For rounding process, if the final quotient is exact and the it shifted to right with value 

lower than or equals to the tail zeroes value the round value will be zero, but if the quotient is 

exact and shifted to the right with a value greater than the tail zeroes value or the quotient is 
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not exact, the round value will be one or zero according to the round mode, the guard digit 

value, the least significant digit is even or odd, and the sign of the final result. After 

determining the round value it is added to the most significant sixteen digits of the final 

quotient to produce the final result. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure ‎4.16: Determining the shift value to shift the final quotient 

4.2.6 Special Cases 

4.2.6.1 Infinity 

The final result is infinity if the division operation is one of these cases, the dividend is 

infinity and the divisor is normal decimal number or zero, the dividend is normal decimal 

number and the divisor is zero. Also the final result is infinity if there is overflow and it is 

required to round up (round away from zero, ties up, and so on).   

4.2.6.2 Not a number 

Not a number special case occurs when, one of the operands is signaling Nan or quite Nan 

or the division operation is one of this  ( 
    

    
   

  

  
 ), the result of any invalid operation is 

always quite Nan. 
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4.2.7 Flags 

4.2.7.1 Overflow 

This flag is raised if the intermediate exponent exceeds the maximum exponent (     , in 

case of decimal 64). In case of over flow the final result is set to infinity or the maximum 

representable number according to the round mode and the result sign. 

4.2.7.2 Underflow 

Under flow is detected when the intermediate exponent is smaller than the minimum 

exponent (      , in case of decimal 64) and the final result is rounded after shifting the final 

quotient to the right with value equals to the under flow value. 

4.2.7.3 Inexact 

This flag is raised if the result is rounded as this is detected from the guard digit; also the 

inexact flag is raised if there is overflow, or underflow. 

4.2.7.4 Invalid 

The invalid flag is raised in the following cases;  

- one of the operands is sNan 

- When division operation is 
    

    
   

  

  
 

4.2.7.5 Zero 

The zero flag is raised if the divisor is    and the dividend is normal number. 

4.3 Operation Sequence 

The overall operation sequence and all tasks that are performed in each cycle are 

summarized as follow, 

Cycle 1:  

Task1 the dividend and divisor operands are converted from DPD format to BCD format. 

Task 2 the operands normalization processes are performed by removing the leading zeros 

of the dividend and the divisor. 

Task2, converting the dividend and the divisor from 8421-BCD format to 4221-BCD 

redundant format. 

Cycle 2:  

Task1, obtaining the value 
 

  
 from a look up table. 

Task4, obtaining the multiples of the divisor [2Y, …, 9Y] 
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Task3, multiplying the dividend by                                 to obtain the number of 2’s in 

the dividend in the next cycle. 

Cycle 3:  

Task1, performing the multiplication process Y  Y  
 

  
. 

Task2, obtaining the multiples of the divisor high inverse [2
 

  
, …, 9 

 

  
]. 

Task3, obtain the number of 2’s in the dividend. 

Task4, multiplying the dividend by                                 to obtain the number of 5’s in 

the dividend in the next cycle. 

Cycle 4:  

Task1, adding the two vectors of the divisor prime Y  
     Y  

  which are the result of 

multiplication process in the previous cycle and calculating the multiples of the divisor prime 

[2Y , … , 9Y ]. 

Task2, obtain the number of 5’s in the dividend. 

Task3, multiplying the divisor by                                 to obtain the number of 2’s in 

the divisor in the next cycle. 

Cycle 5:  

Task1, the start of executing AQA fixed point division iterative equations as follow 

             
  Y  

(‎4.1

5) 

                  
  

 

Y 
 

(‎4.1

6) 

Task2, obtain the number of 2’s in the divisor. 

Task3, multiplying the divisor by                                 to obtain the number of 5’s in 

the divisor in the next cycle. 

Cycle 6:  

Task1, the second iteration of the fixed point division operation. 

Task2, obtain the number of 5’s in the divisor. 

Cycle 7 to Cycle 11: 

 Which are 4 cycles in order to generate 18-digit quotient, we perform the iterative 

equations, as the partial remainder and quotient inputs are the outputs of the previous 

equation. 
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Cycle 12: 

Task1, normalized the Quotient    

Task2, calculating     and its multiples . 

Cycle 13:  

Task1, performing the multiplication     Y 

Task2, determining the value which is required to shift the quotient to the right. 

Cycle 14:  

Task1, checking the status of the remainder R if it equals zero or not and detecting its sign. 

Cycle 15:  

Task1, The quotient         is shifted according to the determined value in cycle 13 if the 

        is exact or there is underflow. 

Task2, the round value is determined according to the round mode, the guard digit, the 

result sign, and the least significant digit if it is even or odd. 

Task3, the round digit which is one or zero is added to the chosen quotient         to 

produce the final result. 

Task4, the final exponent is calculated by updating the intermediate exponent will the 

quotient shift value. 

Task5, all flags and special signals are generated. 

Task6, the output quotient, exponent, and flags of are coded to DPD form to be compliant 

with the IEEE 754-2008 standard. 
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Chapter 5. Verification and Synthesis Results 

This chapter presents the testing and synthesis results of the proposed Decimal Floating 

Point Divider. 

5.1 Verification 

Verifying decimal floating point dividers is a very challenging task, due to the large 

number of input space as, there are two input operands each is 64-bit length and there are 

three bits for rounding, so it is impossible to test the DFP unit for all possible cases. However 

we can test the DFP unit by using large number of test cases which are designed to cover 

different corners of the normal operation. 

The proposed Decimal floating Point Divider was modeled with Verilog, simulated by 

Modelsim, and verified in Matlab. The decimal unit was verified using 949966 test cases that 

were proposed by Sayed-Ahmed [43] and can be downloaded from [44], which are specially 

designed to check the decimal functionality of the unit in many corners. All test cases are 

passed correctly which give an excellent indication that our decimal division unit is 

functionally correct. 

5.2 Synthesis Results 

The proposed DFP design was synthesized using Synopsys design compiler tool working 

on 65nm low power TSMC65LP kit with 1.2V typical process and 25°C temperature. The 

latency is measured using FO4 unit which is defined as the delay of an inverter with a fan-out 

of four inverters. The gate delay of a FO4 inverter is 35 ps, and the area of the smallest 

NAND2 gate is        . The target of the synthesis was minimizing the cycle time. 

Synthesis results showed that the cycle time is 1.69 ns (48.28 FO4), and the total area of the 

design is                          , where the combinational logic area is 

                    and the others are registers.  

5.2.1 Delay and Area 

The critical path is due to Partial Remainder Generation block, which is shown in figure 

4.11. Table 5.1 shows the detailed information about the critical path. 

Component latency(ns) latency (FO4) 

Register 0.07 2 

Partial Product Gen. 0.47 13.43 

Partial Remainder 

Reduction Tree. 
0.67 19.14 

BCD Adder 0.48 13.71 

Total 1.69 48.28 

Table ‎5.1: Critical path detailed information 
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The delay and area of some BCD units are shown in table 5.2. 

Module 
Latency 

ns 

Latency 

FO4 

Area 

    

Area 

NAND2 

BCD 22-digit Adder 0.48 13.71 8230 5143 

BCD Multiplier 

              
1.25 35.7 173129.2 108205 

Memory block 

                            
0.55 15.7 42400.8 26500 

Table ‎5.2: Delay and area of BCD units 

Table 5.3 shows the comparison of the proposed decimal floating point divider with 

previously published DFP dividers. For fair comparison, the latency is measured in FO4 unit, 

and the area consumption is evaluated in terms of smallest NAND2 gate unit.  

Divider 
Cycle time 

(FO4) 

No. of 

cycles 
latency(FO4) 

Area 

(NAND2) 

[25], 2007  25.3 21 531 10,500 

[41], 2007 26.8 20 536 13,586 

[45], 2006 35.8 19 680 22,600 

[24], 2007 13 82 1066 6,600 

[42], 2004 12.6 150 1890 - 

[9],  2010 138.5 21 2907 - 

Proposed DFP Divider 48.2 15 724 156,842 

Table ‎5.3: Comparison of delay and area with others Dividers 

From the comparison we conclude that our proposed divider is comparable in terms of 

latency with dividers [25, 41, and 45] which are based on digit recurrence division algorithm. 

For Power6 decimal divider [24] and [9] divider which are both based on digit recurrence 

division algorithm we have better latency. The proposed DFP divider has better latency than 

Newton-Raphson divider [42] which requires two decimal multiplications every iteration. 

In terms of area our divider occupies larger area than dividers [25, 41, 45, and 24], because 

the       multiplier which is the main block used in Tail Zeros detector module takes 

around 70% of the total area as shown in table 5.2. So if calculate the total area without this 

multiplier the total area will be 48636 NAND2. 
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Chapter 6. Conclusion and Suggestions for Future Work 

This thesis presents new decimal floating point divider, which is based on Accurate 

Quotient Approximation division algorithm. This algorithm was presented for very high radix 

binary division technique, and then we modified this algorithm to be suitable for decimal 

division. To design the decimal floating point divider we design radix-10 multiplier, BCD 

adder, tail zeroes detector, and many other blocks that can be used for any other decimal 

arithmetic units. 

The functionality of the division unit is verified by around one million test cases that test 

many corners of the decimal dividers. The divider is synthesized using TSMC65nmLP kit 

and the results were discussed and compared with previously published arithmetic units. 

The proposed DFP divider can be extended to decimal-128 by extending the used 

multipliers and BCD adders to be suitable for the decimal-128 operands, and increasing the 

number of the clock cycles to achieve the desired precision.  

The functionality of the DFP arithmetic unit can be extended to perform all the decimal 

floating point operations in the standard.  

Our DFP divider takes very large area which is the main drawback of our design, so the 

future work can focus on decreasing the area and enhance the cycle time. 
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عمى الرغم من ان النظام الثنائى لتمثيل الأرقام ىو الامثل لأجيزة الحاسوب الكيربية ولكن ان النظام 

وبخاصة  ام وأيضا فى العمميات الحسابية فى حياة البشرالعشرى ىو النظام الأكثر استخداما لتمثيل الأرق

فى التطبيقات المالية. ولكن لا يستطيع النظام الثنائى تمثيل جميع الأرقام العشرية بدقة لذلك اشتممت 

عمى النظام العشرى لتمثيل الأرقام ذات النقطة العائمة وايضا  IEEE 754-2008المواصفات المعيارية 

حسابية. تعتبر عممية القسمة واحدة أساسية من ىذة العمميات حيث يتطمب قسمة عدد تعريف العمميات ال

 عشرى عمى عدد اخر عشرى كل منيما ذو نقطة عائمة.

ىذه الرسالة تقدم تصميم وتنفيذ لقاسم جديد مبنى عمى حل حسابى يسمى  "ناتج قسمة دقيق مقرب" 

"Accurate Quotient Approximation  تحت عممية قسمة ذات اسس كبيرة. ىذا " والذى ينطوى

التصميم تكرارى يعتمد عمى تحسين ناتج القسمة فى كل مرة عن المرة السابقة. يستخدم مقموب مقرب من 

المقسوم عميو يضرب فى الجزء الأعمى من الباقى من المرحمة السابقة لإخراج ناتج قسمة وسطى يضاف 

ج ناتج قسمة جديد، فى البداية يكون الباقى ىو المقسوم، لكى إلى ناتج القسمة من المرحمة السابقة لإخرا

يتم إستخراج الباقى الجديد فى كل مرحمة يتم ضرب الجزء الأعمى من الباقى القديم فى مقموب مقرب من 

المقسوم عميو فى المقسوم عميو وىكذا تكررىذه العممية حتى الوصول إلى الدقة المطموبة لناتج القسمة. 

يمكنو إخراج ثلاثة أرقام عشرية فى المرة الواحدة. ىذا القاسم مطابق لممواصفة المعيارية ىذا القاسم 

IEEE 754-2008 التصميم يدعم توجيات التقريب الخمسة فى المواصفات المعيارية .IEEE 754-

فضلا عن إتجاىين لمتقريب اخرين يستخدمان عمى نطاق واسع. بعد ذلك تم تمديد ىذا القاسم  2008

 وم بتنفيذ عمميات القسمة عمى الأرقام ذات نقطة عائمة.ليق

 




