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sinh(.) cosh(.) tanh(.) tanh−1(.)

ln(.) exp(.)
√

(.)

[
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y

]
R
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θ

x0 + jy0 x∞ + jy∞ θ

x∞+ jy∞ = (x0+ jy0)e jθ[
x∞
y∞

]
=

[
cos(θ) −sin(θ)
sin(θ) cos(θ)

] [
x0

y0

]
.

θ θ = θ0 + θ1 +

· · ·+ θN−1

x∞+ jy∞ = (x0+ jy0)
∏m=N−1

m=0 e jθm[
x1

y1

]
=

[
cos(θ0) −sin(θ0)
sin(θ0) cos(θ0)

] [
x0

y0

]
[

x2

y2

]
=

[
cos(θ1) −sin(θ1)
sin(θ1) cos(θ1)

] [
x1

y1

]
...

...
...[

xN

yN

]
=

[
cos(θN−1) −sin(θN−1)
sin(θN−1) cos(θN−1)

] [
xN−1

yN−1

]
[

x∞
y∞

]
=

[
xN

yN

]
.
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θ

θ = θ0+ θ1+ θ2[
xN

yN

]
=

⎛⎜⎜⎜⎜⎜⎜⎝m=N−1∏
m=0

[
cos(θm) −sin(θm)
sin(θm) cos(θm)

]⎞⎟⎟⎟⎟⎟⎟⎠[ x0

y0

]
[

xN

yN

]
=

⎛⎜⎜⎜⎜⎜⎜⎝m=N−1∏
m=0

cos(θm)
[

1 − tan(θm)
tan(θm) 1

]⎞⎟⎟⎟⎟⎟⎟⎠[ x0

y0

]

m mth

[
xm+1

ym+1

]
= cos(θm)

[
1 − tan(θm)

tan(θm) 1

] [
xm

ym

]
.

θ

θ θ0 θ1 θm θN−1

θm = tan−1(d(m)2−m) d(m) = ±1 mth



[
xm+1

ym+1

]
= (m)

[
1 −d(m)2−m

d(m)2−m 1

] [
xm

ym

]
(m) = cos(tan−1(d(m)2−m)) = cos(d(m) tan−1(2−m))

(m) = cos(tan−1(2−m)) =
1√

1+2−2m

d(m) (m)

N
± −1(2−0), ± −1(2−1), ± −1(2−2) ±45◦, ±26.565◦, ±14,036◦

θm ∈ {± −1(2−m)} 0th

+45◦ −45◦ 1st

+26.565◦ −26.565◦ 2nd +14,036◦ −14,036◦
φ 2N φ ∈ ±85.6013◦,

±57.5288◦, ±32.4712◦, ±4.3987◦
φ

[
xN

yN

]
= Gtot

⎛⎜⎜⎜⎜⎜⎜⎝m=N−1∏
m=0

[
1 −d(m)2−m

d(m)2−m 1

]⎞⎟⎟⎟⎟⎟⎟⎠[ x0

y0

]

Gtot =

m=N−1∏
m=0

(m).

Gtot

φ Gtot = 0.6136 0.6073 3 8
lim

N→∞
∏N−1

n=0 CG(n)= 0.6073 Gtot

[
x′m+1
y′m+1

]
=

[
1 −d(m)2−m

d(m)2−m 1

] [
x′m
y′m

]
.

[
x′

N

y′
N

]
=

⎛⎜⎜⎜⎜⎜⎜⎝m=N−1∏
m=0

[
1 −d(m)2−m

d(m)2−m 1

]⎞⎟⎟⎟⎟⎟⎟⎠[ x0

y0

]
[

xN

yN

]
= Gtot

[
x′

N

y′
N

]
.
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xe

ye

]
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[
x∞
y∞

]
−

[
xN

yN

]
.

15◦
4.4◦.

d(n)

[
x′m+1
y′m+1

]
= (m)

[
1 −d(m)2−t(m)

d(m)2−t(m) 1

][
x′m
y′m

]
(m) =

1√
1+2−2t(m)
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t(m) ∈ [0,N −1] x′+ jy′[
x′M
y′M

]
=

M−1∏
m=0

[
1 −d(m)2−t(m)

d(m)2−t(m) 1

][
x0

y0

]
[

xM

yM

]
=

⎛⎜⎜⎜⎜⎜⎜⎝M−1∏
m=0

(m)

⎞⎟⎟⎟⎟⎟⎟⎠[ x′M
y′M

]
M < N d(m)2−t(m)

S =
(

M+N −1
N

)
M = 2×Number o f shi f tsbarrel shi f ter able todo+1





S PTI = 2

tan(θ)[
x′m+1
y′m+1

]
= (m)

[
1 −S PTI(m)

S PTI(m) 1

][
x′m
y′m

]
(m) =

1√
1+

⎛⎜⎜⎜⎜⎝ K∑
i=1

di(m)2−ti(m)

⎞⎟⎟⎟⎟⎠2

S PTI(m) =
K∑

i=1

di(m)2−ti(m)

t(m) ∈ [0,N −1] x′+ jy′[
x′M
y′M

]
=

M−1∏
m=0

[
1 −S PTI(m)

S PTI(m) 1
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x0

y0

]
[

x′M
y′M

]
=

⎛⎜⎜⎜⎜⎜⎜⎝M−1∏
m=0

(m)

⎞⎟⎟⎟⎟⎟⎟⎠[ x′M
y′M

]
M < N S PTI(n)
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[
x′m+1
y′m+1

]
= (m)

[
S PTR(m) −S PTI(m)
S PTI(m) S PTR(m)

][
x′m
y′m

]
(m) =

1√⎛⎜⎜⎜⎜⎝ L∑
j=1

d j(m)2−r j(m)
⎞⎟⎟⎟⎟⎠2

+

⎛⎜⎜⎜⎜⎝ K∑
i=1

di(m)2−ti(m)

⎞⎟⎟⎟⎟⎠2

S PTR(m) =
L∑
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d j(m)2−r j(m)

S PTI(m) =
K∑

i=1

di(m)2−ti(m)

t(m) r(m) ∈ [0,N −1] x′+ jy′[
x′M
y′M

]
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M−1∏
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[
S PTR(m) −S PTI(m)
S PTI(m) S PTR(m)

][
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xM

yM

]
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⎛⎜⎜⎜⎜⎜⎜⎝M−1∏
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(m)

⎞⎟⎟⎟⎟⎟⎟⎠[ x′M
y′M

]
M < N

S PTI(m) S PTR(m)
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N−1∑
n=0

x(n)Wnk
N

X(k) x(n)
n k Wnk

N

e−
j2πnk

N O(N2)
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X(k)

X(rκ+δ) =
r−1∑
ν=0

((ν+1)N/r)−1∑
n=νN/r

x(n)Wn(rκ+δ)
N

X(rκ+δ) =
r−1∑
ν=0

(N/r)−1∑
μ=0

x(μ+ νN/r)W(n+νN/r)(rκ+δ)
N

X(rκ+δ) =
(N/r)−1∑
μ=0

⎛⎜⎜⎜⎜⎜⎜⎝r−1∑
ν=0

Wνδr x(μ+ νN/r)

⎞⎟⎟⎟⎟⎟⎟⎠Wnδ
N Wnκ

N/r

κ μ (N/r)−1 δ ν
N
r r2 N

r2

m m = logrN
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N
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Wkδ
N
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x(rμ+δ)Wkμ
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Wνδr WκδN
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μ=0

x(rμ+δ)WκμN/r.
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(log2(N)−2)TPC +

log2(N)
N N

2 ((log2(N)−2)APC +

4log2(N))

(log2(N)−2)TPC +

log2(N)+N −1
1 (log2(N)−2)APC +

4log2(N)


 (log2(
)TPC + log2(
)+

−1) log
(N)−2TPC

N

 ( N


 (log2(
)APC +

4log2(
))) log
(N)−
2 N

 APC

TPC +
N
2 (log2(N)−1)+

N
2

N
TPC+

N
2 log2(N)

4+APC

Td = TW +TB+Tbu f

Tw TB

Tbu f N
∑log2N

i=1 2−i = N−1

TPC APC
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Wup = 1 Wdown = e jφ

Wup = Ke jθ Wdown = Ke j(φ+θ)
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jφ)Ke

jθ

(X + Y e
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θ

θ

x(n)

X(k) =

N
2 −1∑
r=0

x(2r)W2rk
N +Wk

N

N
2 −1∑
r=0

x(2r+1)W2rk
N

W2rk
N = e− j2π 2rk

N g(r) = x(2r) h(r) = x(2r+1)



X(k) = W
k
2
N

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝W− k
2

N

N
2 −1∑
r=0

g(r)Wrk
N
2
+W

k
2
N

N
2 −1∑
r=0

h(r)Wrk
N
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
Wup

Wdown

MT Fup =

√
Wup

Wdown

MT Fdown =

√
Wdown

Wup
.

PT Fup,down =
√

WupWdown.

Wup Wdown W0
8 W2

8
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8 W1
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8 W1
8
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k
2
N
2
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2
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2
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g′(p)W pk
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4
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2
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2

N
4 −1∑
p=0

h′(p)W pk
N
4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
g′(p) = g(2p) h′(p) = g(2p+1)
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X(14)
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X(5)
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y1 Pb
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y3 Pd
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K0e
ψ0

K1e
ψ1

K2e
ψ2

K3e
ψ3

K4e
ψ4

K5e
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K6e
ψ6

K7e
ψ7

z0
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z3

z4
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X0, X1, ..., Xr−1

K0eψ0 , K1eψ1 , ..., Kr−1eψr−1 P Ŷ0, Ŷ1, ...,

Ŷr−1

ŶμP =

r−1∑
ν=0

Wνμr yνKνe jψν

y0

y1

yr−1

Ŷ0P

Ŷr−2P

Ŷr−1P

K0e
jψ0

K1e
jψ1

Kr−1e
jψ

r−1



Eμ = Yμ− Ŷμ

Eμ =

re f erence model︷�����������︸︸�����������︷
r−1∑
ν=0

Wνμr yνe jνφ −
r−1∑
ν=0

Wνμr yν
Kνe jψν

P

Eμ =
r−1∑
ν=0

Wνμr yν(e jνφ− Kνe jψν

P
).

Kν = eαν P = eβ α ∈ R β ∈ C

Eμ =
r−1∑
ν=0

Wνμr yν(e jνφ− eαν+ jψν

eβ
)

Eμ =
r−1∑
ν=0

Wνμr yνe jνφ(1− eαν+ jψν

eβ+ jνφ )

Eμ =
r−1∑
ν=0

Wνμr yνe jνφ(1− eΩν

eβ
)

Eμ =
r−1∑
ν=0

Wνμr yνe jνφ(1− eΩ
′
ν)

Ων = αν+ j(ψν− νφ) Ω
′
ν = Ων−β

σ2
Eμ = σ

2
X

r−1∑
ν=0

|1− eΩ
′
ν |2.

Ω
′
ν

Ω
′
ν = 0 Ω0 =Ω1 = · · · =Ωr−1 = β Ω

′
ν

αν+ jψν

minimize
Ων

(
r−1∑
ν=0

|1− eΩν−β|2)

sub ject to : Ων = αν+ j(ψν− νφ)
αν+ jψν ∈CORDIC S et

φ ∈ R
β ∈ C.

Ων

Ων β



σ2
Eμ = σ

2
X

r−1∑
ν=0

∣∣∣∣∣∣1− eΩν

eβ

∣∣∣∣∣∣2

σ2
Eμ = σ

2
X

r−1∑
ν=0

(
1− eΩν

eβ

)(
1− (eΩν)∗

(eβ)∗

)
.

eβ

eβ

σ2
Eμ

(eβ) σ2
Eμ

(eβ, (eβ)∗)
(eβ)∗

dσ2
Eμ

d(eβ)∗
= 0

r−1∑
ν=0

(eΩν)∗
(
eβ− eΩν

)
= 0

eβ =
∑r−1
ν=0 |eΩν |2∑r−1
ν=0(eΩν)∗

.

Ων

arg min
Ων

(
r−1∑
ν=0

|1− eΩν−β|2) = arg min
Ων

(
r−1∑
ν=0

∣∣∣∣Ων−Ω∣∣∣∣2)

Ω =
∑r−1
ν=0
Ων
r β

eβ =
∑r−1
ν=0 |eΩν |2∑r−1
ν=0(eΩν )∗

Ω0 =Ω1 = · · ·=Ωr−1 = β

|Ων − β| 	 1
ex =

∑∞
n=0

xn

n!



arg min
Ων

(
r−1∑
ν=0

|1− eΩν−β|2) ≈ arg min
Ων

(
r−1∑
ν=0

|Ων−β|2).

β ≈∑r−1
m=0

Ωm
r

eβ =
∑r−1

l=0 |eΩl |2∑r−1
n=0(eΩn)∗

eβ =
r−1∑
l=0

eΩl

1+
∑r−1

n=0
n�l

(eΩn−Ωl)∗
,

Ωn−Ωl 	 1

eβ ≈
r−1∑
l=0

eΩl

1+
∑r−1

n=0
n�l

(1+ (Ωn−Ωl)∗)

eβ ≈ 1
r

r−1∑
l=0

eΩl

1+
∑r−1

n=0
n�l

(Ωn−Ωl)∗
r

.

1
1+x =

∑∞
n=0(−1)nxn |x| < 1

eβ ≈ 1
r

r−1∑
l=0

eΩl

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1−
r−1∑
n=0
n�l

(Ωn−Ωl)∗

r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
eβ ≈ 1

r

r−1∑
l=0

eΩl

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1+
r−1∑
n=0
n�l

(−Ωn+Ωl)∗

r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
e
∑r−1

m=0Ωm/r

eβ ≈ 1
r

e
∑r−1

m=0Ωm/r
r−1∑
l=0

eΩl−∑
Ωn/r

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1+
r−1∑
n=0
n�l

(−Ωn+Ωl)∗

r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .



eβ ≈ 1
r

e
∑
Ωn/r

r−1∑
l=0

⎛⎜⎜⎜⎜⎜⎜⎝1+Ωl−
r−1∑
m=0

Ωm/r

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1+

r−1∑
n=0
n�l

(−Ωn+Ωl)∗

r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
eβ ≈ 1

r
e
∑
Ωn/r

r−1∑
l=0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1+Ωl−
r−1∑
m=0

Ωm/r+
r−1∑
n=0
n�l

(−Ωn+Ωl)∗

r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
∑r−1

l=0
∑r−1

n=0
n�l

(−Ωn+Ωl)∗
r = 0

∑r−1
l=0 Ωl−∑r−1

m=0Ωm/r = 0

eβ ≈ e
∑r−1

m=0Ωm/r

β ≈
r−1∑
m=0

Ωm

r
= Ω.
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Ων

r−1∑
ν=0

∣∣∣∣Ων−Ω∣∣∣∣2
Ων = αν+ j(ψν− νφ)
αν+ jψν ∈
φ ∈ R

Ω =

r−1∑
ν=0

Ων

r
.

S r
CORDIC S CORDIC

9.6×102 2.5×105 3.7×107 3.8×109 6.9×106 6.9×1012

3×104 1.3×108 2.3×1011 2.3×1014 1.8×1010 1.8×1019

9.2×105 6.4×1010 1.4×105 1.4×1019 4.8×1013 4.7×1025



+ j × e j = eα+ jψ

α+ jψ

+ j
α+ jψ

± 5◦
ψ ±π4

α+ jψ 0, jπ2 , − jπ2 ,
jπ,

+ j α+ jψ

Ων = αν+ j(ψν−νφ)= αν+ jψ′ν φ

Ων

φ = −π8 Ω0

Ω1 Ω2 Ω0
π
8

π
4 Ω0 Ω1

Ω2

Ων∑r−1
ν=0

∣∣∣∣Ων−Ω∣∣∣∣2



Ων φ = −π8
Ω0 Ω1 Ω2

ψ′ [−π,π) ψ′
π
2

jπ2
ψ′ ∈ [−π4 , π4 )

α+ jψ′
α ψ′

ψ′ =±π4 ψ′ ∈ [−π4 , π4 +Δ)
Δ

NX

NY



α+ jψ′ ψ′



MNX log(NX) O
(
MNX log(NX)

)
O

(
kNY log(NX)

)

Ων

1∑
ν=0

∣∣∣∣Ων−Ω∣∣∣∣2 =
Ων

|Ω0−Ω1|2 .

1∑
ν=0

∣∣∣∣Ων−Ω∣∣∣∣2 = ∣∣∣∣∣Ω0− (
Ω0+Ω1

2
)
∣∣∣∣∣2+ ∣∣∣∣∣Ω1− (

Ω0+Ω1

2
)
∣∣∣∣∣2

=

∣∣∣∣∣Ω0−Ω1

2

∣∣∣∣∣2+ ∣∣∣∣∣Ω1−Ω0

2

∣∣∣∣∣2
=

1
2
|Ω0−Ω1|2 .

�

ω̂0 ∈ Ω0

ω̂1 ∈Ω1



Ω = {ω0,ω1, ...,ωn}
φ

ω̂ν ν ∈ {0,1, ...,r−1}
Ω0 ←Ω
Ω1 ←Ω− jφ[
Ω̂0,distance metric

]
← X ←Ω0 Y ←Ω1 k ← 1

index ← distance metric
ω̂0 ← Ω̂0(index), ω̂1 ←Ω1(index)

NX

xi ∈
Ri Ri

xi x j�i ∈ X

ξ

Ων

r−1∑
ν=0

|Ων− ξ|2 =
r−1∑
ν=0

Ων
|Ων− ξ|2 .

Ων |Ων− ξ|2
�



ων ∈Ων

ξ

r−1∑
ν=0

|ων− ξ|2 =
r−1∑
ν=0

ων
r
.

f =
r−1∑
ν=0

(ων− ξ) (ων− ξ)∗ .

f (|ξ|) f (ξ,ξ∗) ξ∗



d f
dξ∗

=

r−1∑
ν=0

(ξ−ων) = 0

r−1∑
ν=0

ξ =

r−1∑
ν=0

ων

ξ =

r−1∑
ν=0

ων
r
. �

ων ∈Ων

ων �
Ων

|Ων−ω|2

ω =
∑r−1
ν=0
ων
r ων

ων,ω
′
ν ∈ Ων ω′ν =

Ων

|Ων−ω|2 ων � ω′ν ων

r−1∑
ν=0

∣∣∣ω′ν−ω∣∣∣2 < r−1∑
ν=0

|ων−ω|2 .

r−1∑
ν=0

∣∣∣ω′ν−ω′∣∣∣2 < r−1∑
ν=0

∣∣∣ω′ν−ω∣∣∣2

r−1∑
ν=0

∣∣∣ω′ν−ω′∣∣∣2 < r−1∑
ν=0

|ων−ω|2 .

ων
�

Ων



Ω = {ω0,ω1, ...,ωn}
φ

r

ω̂ν ν ∈ {0,1, ...,r−1}
i = 0 r−1
Ωi ←Ω− jφ× i
Voronoi diagram edgesi ← get Voronoi diagram(X ←Ωi)

Ω̂ν← Xν← Voronoi diagram edgesν
ν ∈ 0,1, ...,r−1

distance metric ←∑r−1
ν=0

∣∣∣∣∣Ω̂ν− Ω̂∣∣∣∣∣2 , where Ω̂ =
∑r−1
ν=0
Ω̂ν
r

index ← distance metric
ω̂ν← Ω̂ν(index) ν ∈ 0,1, ...,r−1



Ω = {ω0,ω1, ...,ωn}
φ

r

ω̂ν ν ∈ {0,1, ...,r−1}
i = 0 r−1
Ωi ←Ω− jφ× i

Ωtot ← concatenate(Ων) ν ∈ 0,1, ...,r−1
i = 0 r−1
Ω̂i ← X ←Ωi Y ←Ωtot k ← 1

distance metric ←∑r−1
ν=0

∣∣∣∣∣Ω̂ν− Ω̂∣∣∣∣∣2 , where Ω̂ =
∑r−1
ν=0
Ω̂ν
r

index ← distance metric
ω̂ν← Ω̂ν(index) ν ∈ 0,1, ...,r−1



1
3 3

2
3

4
3



= 10log10

(∑∑ )
.
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